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    simpson33/Deposit Photos  

 ◀       Looking Back  
 ●    Remember how to 

completely describe and 
compute probabilities 
associated with a 
discrete random variable: 
 Section 5.2 .  

 ●   Recall the characteristics 
of and probability 
computations associated 
with the binomial, 
geometric, Poisson, and 
hypergeometric random 
variables: 
Sections 5.4  and  5.5 .    

   Looking Forward    ▶   
 ●    Learn how to completely 

describe a continuous 
random variable and 
how to compute 
probabilities associated 
with a continuous random 
variable:  Section 6.1 .  

 ●   Understand the 
characteristics of the 
normal distribution and 
compute probabilities 
involving a normal random 
variable:  Section 6.2 .  

 ●   Learn several methods to 
check for non-normality: 
 Section 6.3 .  

 ●   Understand the 
characteristics of the 
exponential distribution 
and compute probabilities 
involving an exponential 
random variable:  
Section 6.4 .     

      6  

         EMV Chip Technology  
 Europay, MasterCard, and Visa (EMV) is a global standard associated with credit card 
chip technology. It is used to authenticate credit and debit cards and is designed to be 
more secure than the magnetic strip found on many cards. In theory, an EMV card is 
difficult to duplicate, which makes it much harder for someone to commit fraud using 
a counterfeit card. 

 Despite the added security, some merchants have been slow to adopt this new tech-
nology. There have been delays in obtaining EMV terminals, there is a large expense 

 Continuous Probability 
Distributions   
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248 C H A P T E R  6 Continuous Probability Distributions

associated with this upgrade, and these cards tend to slow the in-store check-out process. 
Due to the increased transaction time, some Aldi supermarkets with EMV terminals have 
taped over the card insertion slot because card swipes are faster.  1   

 According to Bluefin, a payment security firm, the mean processing time for an EMV 
chip card is 13 seconds, approximately double the time needed for a swipe card.  2    Suppose 
the standard deviation is 2.5 seconds and the distribution of EMV chip card process times 
is approximately normal. The concepts presented in this chapter will allow us to deter-
mine the most reasonable process times for customers and to decide when a merchant 
or customer has a legitimate complaint about the time it takes to process a  transaction.  

  6.1     Probability Distributions for a Continuous 
Random Variable  

       How to Describe a Continuous Random Variable  
 Suppose   X    is a continuous random variable;   X    can take on any value in some interval of 
numbers. A    continuous probability distribution    completely describes the random vari-
able and is used to compute probabilities associated with the random variable.   

   Definition  
 A    probability distribution for a continuous random variable   X       is given by a smooth 
curve called a    density curve   , or    probability density function    (pdf). The curve is 
defined so that the probability that   X    takes on a value between   a   and   b     <( )a b    is the 
area under the curve between   a   and   b  .    
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     Figure   6.1     The shaded area is 
≤ ≤a X bP( ).  
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     Figure   6.2     The shaded area is   P( )X a≤   .  
b

ƒ(x)

P(X ≥ b)

x

     Figure   6.3     The shaded area is   P( )X b≥   .  

   2.   The density curve, or    probability density function   , is usually denoted by   .f    It is a 
function, defined for all real numbers.   ( )f x    is not the probability that the random 
variable   X    equals the specific value   x  . Rather, the function   f    leads to, or conveys, 
probability through area.  

A CLOSER LOOK  
    1.   Probability in a continuous world is area under a curve.  Figures 6.1  – 6.3   illustrate the 

correspondence between the probability of an event (defined in terms of a continuous 
random variable) and the area under the density curve.        
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 6.1 Probability Distributions for a Continuous Random Variable  249

 3. The shape of the graph of a density function can vary considerably. However, a density 
function must satisfy the following two properties.
 (a) The density function f  must be defined so that the total area under the curve is 1.  

The total probability associated with any random variable must be 1. A specific 
value of the density function, ( )f x , may be greater than 1 (while the total area 
under the curve is still exactly 1).

 (b) Values of the density function must be greater than or equal to 0; that is, ( ) 0f x ≥  
for all x. Therefore, the complete graph of a density function lies on or above the  
x-axis. See Figure 6.4.

Remember that ( )f x  is not a 
probability. The density function is 
used to compute probability.

Figure 6.4 A valid probability density function.

 4. If X  is a continuous random variable with density function f, the probability that X  
equals any one specific value is 0. That is, P( ) 0X a= =  for any a. The reason: There is 
no area under a single point.

 ▶ This seems like a contradiction. Certainly we can observe specific values of X , yet 
the probability of observing any single value is 0. Recall: Probability is a limiting rel-
ative frequency. There are (uncountably) infinite possible values for any continuous 
random variable. Therefore, the limiting relative frequency of occurrence of any single 
value is 0.
Because no probability is associated with a single point, the following four probabili-
ties are all the same.

 P( ) P( ) P( ) P( )a X b a X b a X b a X b≤ ≤ = < ≤ = ≤ < = < <  (6.1)

In fact, we can remove as many single points as we want from any interval, and the 
probability will stay the same. The only reasonable probability questions concerning 
continuous random variables involve intervals. And we can almost always sketch a 
graph to visualize these probabilities, or regions.  

=P( )X a  translated: Find the area 
under the curve between a  and 
a . This probability expression 
represents the area of a line segment. 
There is no second dimension, so the 
area is 0.

This is not necessarily true for a 
discrete random variable.

ƒ(x)

The total area under
the curve must be 1.

x

The graph of a probability 
density function extends 
without end in both 
directions and lies on or 
above the x -axis.

So how do we find area under a curve, and therefore probability? In general, this is a 
calculus question. Don’t panic. We’ll use a little geometry, tables, and technology to find 
the necessary area (probability).

The Uniform Distribution
The (continuous) uniform distribution provides a good opportunity to illustrate the con-
nection between area under the curve and probability. For this random variable, the total 
probability 1 is distributed evenly, or uniformly, between two values. Computing proba-
bilities associated with this random variable, therefore, can be simplified to finding the 
area of a rectangle.

08_KokoskaIntroStat3e_04962_ch06_247_298.indd   249 28/09/19   2:42 PM
Copyright ©2020 W.H. Freeman Publishers. Distributed by W.H. Freeman Publishers. Not for redistribution. 



250 C H A P T E R  6 Continuous Probability Distributions

   Definition  
 The random variable   X    has a    uniform distribution    on the interval   [ , ]a b    if 

= −
≤ ≤










−∞ < < <∞( )
1 if

0 otherwise
f x b a

a x b
a b    (6.2) 

µ σ=
+

=
−

2
( )

12
2

2a b b a    (6.3)    

     Figure   6.6     The total area under the curve is 1. 
Here, the density curve consists of three line 
segments.  
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b − a

b − a

1

b − a
1

a b

b − a
1

Area = (b − a) ⋅  = 1

Area = 0Area = 0

     Figure   6.5     The graph of the probability density 
function for a uniform random variable.  

ƒ(x)

x

b − a
1

a b

A CLOSER LOOK  
    1.     a   and   b   can be any real numbers, as long as   a   is less than   b     ( )a b<   .  
 2.   All of the probability (action) is between   a   and   b  . The probability density function is 

the constant   −1/( )b a    between   a   and   b  , and   0   outside of this interval. Hence, there is 
no area and no probability outside the interval   [ , ]a b   .  Figure 6.5   shows a graph of the 
uniform probability density function.

 3.    Equation 6.2  is a valid probability density function because   ( ) 0f x ≥    for all   x  , and the 
total area under the curve is 1. The area under the curve for   x a<    is 0, and the area 
under the curve for   x b>    is 0. Between   a   and   b  , the area under the curve is the area of 
a rectangle   (area width height)= ×   . See  Figure 6.6  .       

Piecewise defined 
functions. 

 RAPID 
REVIEW 
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 6.1 Probability Distributions for a Continuous Random Variable  251

       Uniform Distribution Example  
 The following example involves a uniform distribution and illustrates visualizing and cal-
culating probabilities associated with a continuous random variable. 

 EXAMPLE   6.1      Reef Dives  
 Bonaire, an island in the Dutch Caribbean, is considered one of the top 10 diving desti-
nations in the world. There is generally 60–100 feet (ft) of visibility, the current is mild, 
and at least 58 dive sites can be reached from shore. Guides take tourist groups on com-
mercial boats to scuba dive and snorkel at selected locations. A careful examination of 
boat records has shown that the time it takes to reach a randomly selected dive site has a 
uniform distribution between 5 and 25 minutes. Suppose a dive site is selected at random. 

    (a)   Carefully sketch a graph of the probability density function.  
 (b)   Find the probability that it takes at most 10 minutes to reach the dive site.  
 (c)   Find the probability that it takes between 10 and 20 minutes to reach the dive site.  
 (d)   Find the mean time it takes to reach a dive site, as well as the variance and standard 

deviation.   

Solution  
 The time it takes to reach a dive site has a uniform distribution between 5 and 25 min-
utes. For a continuous random variable, probability is an appropriate area under the den-
sity curve. Translate each question into a probability statement, sketch the corresponding 
region, and compute the area under the curve. 
 (a)  Let   X    be the time it takes to reach a dive site. The random variable   X    has a uniform 

distribution between the times   5a =    and   25b =   . Use  Equation 6.2  to find

−
=

−
= =

1 1
25 5

1
20

0.05
b a

 The probability density function is 

=
≤ ≤







( )
0.05 if 5 25

0 otherwise
f x

x

Figure 6.7   shows the graph of the probability density function.  
   (b)  We have the distribution of   X  . Translate the question in part (b) into a probability 

statement, sketch the region corresponding to the probability statement, and find the 
area of that region.
At most  means up to and including 10. We need the probability that   X    is less than or 
equal to 10:   P( 10)X ≤   . See  Figure 6.8  . 

 EXAMPLE   6.1      EXAMPLE   6.1     

ƒ(x)

x
5 10 15 20 25 30

0.075

0.050

0.025

ƒ(x)

x

0.075

0.050

0.025

5 10 15 20 25 30

P(X ≤ 10)

     Figure   6.7     The graph of the probability density 
function for a uniform random variable on the 
interval   = 5a    to   = 25b   .  

     Figure   6.8     The area of the shaded region is 
  P( 10)X ≤   .  
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252 C H A P T E R  6 Continuous Probability Distributions

P( 10) P(5 10)
area under the density curve between 5 and 10
area of a rectangle
width height
(5)(0.05) 0.25

X X≤ = ≤ ≤

=

=

= ×

= =

 The probability that it takes at most 10 minutes is 0.25.  
 (c)  The  probability that it takes between 10 and 20 minutes to reach a dive site in terms 

of the  random variable   X    is   P(10 20)X≤ ≤   . Even though the word  inclusive  is not 
used in  the question, we chose to write the interval including the endpoints. It 
doesn’t really matter! Remember: In a continuous world, single values contribute no 
probability and do  not change the probability calculation.

   

P(10 20) area under the density curve between 10 and 20
area of a rectangle
width height
(10)(0.05) 0.50

X≤ ≤ =

=

= ×

= =

   

 The probability that it takes between 10 and 20 minutes is 0.50. See  Figure 6.9  . 

 The probability statement   P( 10)X ≤    
simplifies to   P(5 10)X≤ ≤    in this case 
because there is no probability (area) 
for   X    less than 5. 

ƒ(x)

x

0.075

0.050

0.025

5 10 15 20 25 30

P(10 ≤ X ≤ 20)

     Figure   6.9     The area of the shaded region is 
  P(10 20)X≤ ≤   .  

 (d)  Use  Equation 6.3  to find the mean and variance.

2
5 25

2
30
2

15a b
µ =

+
=

+
= =

 The mean time it takes to reach a dive site is 15 minutes. Because the uniform dis-
tribution is symmetric, the mean is the middle of the distribution, and the mean is 
equal to the median. 

( )
12

(25 5)
12

20
12

400
12

33.3

33.3 5.8

2
2 2 2

2

b a
σ

σ σ

=
−

=
−

= = ≈

= = ≈

 The standard deviation is approximately 5.8 minutes.    ◾

   TRY IT NOW      Go to Exercises 6.17  and  6.19      

   Find the length of time   t    
such that 90% of all dive sites are 
reached within   t    minutes. 

   Find the length of time   ✓

If X is a continuous 
random variable:

   P(10 20)X≤ ≤    

   X= < ≤P(10 20)   

   X= ≤ <P(10 20)   

   X= < <P(10 20)   
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 6.1 Probability Distributions for a Continuous Random Variable  253

Cumulative Probability
To find a probability associated with any continuous random variable, the probability state-
ment is often rewritten to use cumulative probability. From Chapter 5, cumulative probabil-
ity means accumulated probability up to and including a fixed value.  Cumulative probability 
is defined in the same way for a continuous random variable. The cumulative probability up 
to and including x is P( )X x≤  and is the area under the density curve to the left of the fixed 
value x. Figure 6.10 illustrates this cumulative probability.

Suppose X  is a continuous random variable, and a and b are constants. Here are some 
typical probability statements involving X , and equivalent expressions using cumulative 
probability.

≥ = − <

= − ≤

P( ) 1 P( )
1 P( )

Cumulative probability

X b X b
X b� ���� ����  

(Figure 6.11)

( )≤ ≤ = ≤ − <

= ≤ − ≤

P( ) P( ) P
P( ) P( )

a X b X b X a
X b X a

 
(Figure 6.12)

 
A single value contributes no probability.

Find all the probability up to b, find all the probability up to a, and subtract. The dif-
ference is the probability that X  lies in the interval from a to b.

It doesn’t really matter whether 
we use ≤ or <, because one point 
contributes no probability. However, 
for consistency and accuracy 
throughout this text, cumulative 
probability will mean up to and 
including x ; we use ≤ (not <).

The Complement Rule.

A single value contributes no probability.

Here is one more way to visualize cumulative probability. As x moves from left to 
right, we accumulate more and more probability. Therefore, as x increases, cumulative 
probability also increases. Imagine starting at an altitude (or probability) of 0 and walking 
up a (smooth) hill. At any point along the walk, measure the altitude. This distance is 
the cumulative probability. Figure 6.13 shows the relationship between the area under the 
density curve and the altitude, or cumulative probability.

Figure 6.10 The shaded area is the 
cumulative probability P( )X x≤ .

Density curve

P(X ≤ x)

x

Figure 6.11 Use the Complement Rule to 
convert to cumulative probability.

Density curve

P(X ≤ b)

P(X ≥ b)

b
Figure 6.12 The shaded area is 
P( )a X b≤ ≤ .

Density curve

P(a ≤ X ≤ b)

P(X ≤ b)

P(X ≤ a)

ba

F(x)

x x

ƒ(x)

Density curve

Cumulative
distribution
function

P(X ≤ x)

1.0

0.5

0.0 0.0

Figure 6.13 Visualizing cumulative probability: The altitude, or height, is equal to the shaded 
area, the cumulative probability.
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254 C H A P T E R  6 Continuous Probability Distributions

A CLOSER LOOK  
    1.   The drawing on the left in  Figure 6.13  is a graph of the    cumulative distribution 

 function   , F, defined by F(x) = P(X ≤ x). This function starts at 0 and is always 
increasing, until it reaches a maximum value of 1.   

  2.  The mean   µ   and the variance   2σ    for a continuous random variable are computed using 
calculus. Although we will not consider any of these calculations, we will interpret and 
use these values as usual.   µ   is a measure of the center of the distribution, and   2σ    (or   σ   ) 
is a measure of the spread, or variability, of the distribution.
  Figure 6.14   shows the graphs of the density functions for the random variables   X    
and   Y   . 

    (a)    The mean of   X    is less than the mean of   ,Y      µ µ< ,X Y    because the center of the dis-
tribution of   X    is to the left of the center of the distribution of   Y   .  

   (b)    The standard deviation of   X    is greater than the standard deviation of   ,Y      ,X Yσ σ>    
because the distribution of   X    is more spread out, and thus has more variability, 
than the distribution of   Y   .        

µYµX

Density
curve for Y

Density
curve for X

     Figure   6.14      Graphs of the density functions for   X    and 
  .Y    The mean and the variance (and standard deviation) 
convey the same information (as for a discrete random 
variable) about the center and variability of the 
distribution.  

       Using Cumulative Probability  
 The following example illustrates the use of cumulative probability to compute probabil-
ity associated with a continuous random variable. 

      EXAMPLE   6.2      Figure Skating Short Program  
 The rules for the women’s figure skating short program stipulate the length as 2 minutes, 
50 seconds. Suppose the time inconsistency (in seconds) of a randomly selected short pro-
gram in relation to the stipulated length is a random variable   X   . The graph of the proba-
bility density function for   X    is shown in  Figure 6.15  . A negative value of   X    indicates that 
a short program ended before 2 minutes, 50 seconds, and a positive value indicates that a 
short program went longer than 2 minutes, 50 seconds. The general cumulative probabil-
ity expression   P( )X x≤    is illustrated in  Figure 6.16  . 

 EXAMPLE   6.2      EXAMPLE   6.2     

Why is 1 the maximum 
value of the cumulative distribution 
function?

Why is 1 the maximum ✓
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 6.1 Probability Distributions for a Continuous Random Variable  255

For this random variable, cumulative probability (the area of the shaded region in 
 Figure 6.16) can be computed using this equation:

 P( ) 1
1

for all/2X x
e

xx≤ =
+ −  (6.4)

Suppose a short program is randomly selected.
 (a) What is the probability that the short program ends 5 seconds or more before the 

stipulated time?
 (b) What is the probability that the short program is more than 10 seconds long?
 (c) What is the probability that the short program is within 3 seconds of the stipulated 

time?

Solution

 (a) If the short program ends 5 seconds or more before the stipulated time, this means 
5X ≤− . The expression P( 5)X ≤−  is a specific cumulative probability; there is no 

need to convert this expression. Use Equation 6.4. This probability is illustrated in 
Figure 6.17.

Recall: e is the base of the 
natural logarithm; 2.71828.e ≈  
Most calculators have a specific  
key for .e

ƒ(x)

−10 −5 0
x

5 10

ƒ(x)

P(X ≤ x)

−10 0 x
x

5 10−5

Figure 6.15 Graph of the probability density 
function for the time inconsistency of a short 
program.

Figure 6.16 Visualization of cumulative 
probability for the time inconsistency of a 
short program.

ƒ(x)

x

P(X ≤ −5)

−10 −5 0 5 10

P( 5) 1
1

0.0759( 5)/2X
e

≤− =
+

=− −  Use Equation 6.4.

The probability that a randomly selected short program ends 5 seconds or more 
before the stipulated time is 0.0759.

Figure 6.17 Visualization of the cumulative 
probability P( 5)X ≤− .

RAPID  
REVIEW

Exponents.
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256 C H A P T E R  6 Continuous Probability Distributions

 (b) If the short program is more than 10 seconds long, this means >10X . To compute 
the corresponding probability, use the Complement Rule to convert to an expression 
involving cumulative probability, and use Equation 6.4. See Figure 6.18.

Figure 6.18 Visualization of the probability 
X >P( 10).

ƒ(x)

P(X > 10)

−10 −5 0 5 10
x

10 1 P( 10)

1 1
1

1 0.9933 0.0067

10/2

P X X

e

( )> = − ≤

= −
+

= − =

−

The probability that a randomly selected short program is more than 10 seconds 
long is 0.0067.

 (c) If the short program is within 3 seconds of the stipulated time, this means 
3 3.X− ≤ ≤  To compute the corresponding probability, find the difference between 

two cumulative probabilities. See Figure 6.19.

ƒ(x)

−10 −5 −3 0 3 5 10
x

P(X ≤ –3)

P(–3 ≤ X ≤ 3)

Figure 6.19 Visualization of the probability 
P( 3 3)X− ≤ ≤ .

− ≤ ≤ = ≤ − <−

= ≤ − ≤−

=
+







−

+








= − =

− − −

P( 3 3) P( 3) P( 3)
P( 3) P( 3)

1
1

1
1

0.8176 0.1824 0.6352

3/2 ( 3)/2

X X X
X X

e e

The probability that a randomly selected short program is within 3 seconds of the 
 stipulated time is 0.6352. ◾

TRY IT NOW  Go to Exercise 6.27

The Complement Rule.

Use Equation 6.4.

Simplify.

A single value contributes no probability.

Use Equation 6.4.

Simplify.
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 6.1 Probability Distributions for a Continuous Random Variable  257

       Working Backward  
 In some problems, a probability is given and we need to work backward to find a solu-
tion. Consider the following example.      

      EXAMPLE   6.3     Summer Sailing Schedule  
 During the summer months, the Washington State Department of Transportation 
operates a ferry between Seattle and Bainbridge Island. The travel time between the 
two ports is approximately 35 minutes.  3   However, due to weather conditions, tides, 
and the number of passengers, the actual travel time between ports is a random vari-
able and can be modeled by a uniform distribution between 25 and 65 minutes. Find 
the time   t   such that 75% of all ferries make the trip in at most   t   minutes. 

   Solution  
   STEP 1   Because   X    has a uniform distribution with   = 25a    and   = 65b   , the probability 

density function is

=
= ≤ ≤









( )
1
40

0.025 25 65

0 otherwise
f x

x

 We need to find the value   t   such that   ≤ =P( ) 0.75X t   .  
  STEP 2  Use  Figure 6.20   to visualize this backward probability question and to solve for   t  .

   

≤ =

=

= ×

= −

P( ) area under the density curve from 25 to
area of a rectangle
width height
( 25)(0.025)

X t t

t

   

 This is a  backward  problem, because 
we know the probability (0.75) and 
need to find a starting value (  t   )—that 
is, a value of   X    that produces this 
probability. 

    Ceri Breeze/Shutterstock  

ƒ(x)

25

0.030

0.025

0.020

0.015

0.010

0.005

65
x

t

P(X ≤ t)

     Figure   6.20     The area of the shaded region is 
  P( )X t≤   .  

     STEP 3  Set the expression for probability equal to 0.75, and solve for   t  .

− =

− = =

= + =

( 25)(0.025) 0.75

25 0.75
0.025

30

30 25 55

t

t

t

 Seventy-five percent of all ferry rides make the trip within 55 minutes. ◾     

   TRY IT NOW       Go to Exercise 6.25      

Divide both sides by 0.025.

Add 25 to both sides.

08_KokoskaIntroStat3e_04962_ch06_247_298.indd   257 28/09/19   2:43 PM
Copyright ©2020 W.H. Freeman Publishers. Distributed by W.H. Freeman Publishers. Not for redistribution. 



258 C H A P T E R  6 Continuous Probability Distributions

 Concept Check
6.1      True or False    The graph of a probability density function 
may extend below the   x  -axis.  

6.2      True or False    For a continuous random variable   X    with 
probability density function   ,f      X x f xP( ) ( )= =   .  

   6.3      True or False    For a continuous random variable, there is 
no probability associated with a single value.  

   6.4      True or False    The mean   µ   and the variance   2σ    of a 
continuous random variable describe the center and spread of 
the distribution, respectively.  

   6.5      True or False    For a continuous random variable   X    with 
probability density function   f   , it is possible that for some value 
  a  ,   f a( ) 2=   .  

   6.6      True or False    For a continuous random variable   X    and 
any value   a  ,   X a X aP( ) P( )≤ = <   .  

   6.7      Short Answer    Explain how to compute probabilities 
associated with a continuous random variable.  

   6.8      Short Answer    Explain why a cumulative distribution 
function can never have a value greater than 1.  

   6.9      Short Answer    Suppose   X    has a uniform distribution on 
the interval   [ , ]a b   . Explain why the mean is   

2
a b+    and why the 

mean is equal to the median.   

   Practice  
    6.10     Suppose   X    is a uniform random variable with   a 0=    and 
  b 16=   .
    (a)   Carefully sketch a graph of the probability density 

function for   X   .  
   (b)   Find the mean, variance, and standard deviation of   X   .  
   (c)   Find   P( 4)X ≥   .  
   (d)   Find   XP(2 12)≤ <   .  
   (e)   Find   P( 7)X ≤   .     

   6.11     Suppose   X    is a uniform random variable with   a 5= −    and 
  b 25=   .
    (a)   Carefully sketch a graph of the probability density 

function for   X   .  
   (b)   Find the mean, variance, and standard deviation of   X   .  
   (c)   Find   − < <−P( 10 1)X   .  
   (d)   Find   XP( 0)>    and   P( 0)X ≥   .  
   (e)   Find   ≥ | ≥P( 20 10)X X   .     

   6.12     Suppose   X    is a uniform random variable with   a 50=    and 
  b 100=   .
    (a)   Find the mean, variance, and standard deviation of   X   .  
   (b)   Find   P( )Xµ σ µ σ− ≤ ≤ +   .  
   (c)   Find   P( 2 )X µ σ≥ +   .  
   (d)   Find a value   c    such that   X cP( ) 0.20≤ =   .     

6.13     Suppose   X    is a uniform random variable with   a 25=    and 
b 75=   .
    (a)   Find the mean, variance, and standard deviation of   X   .  
   (b)   Find the probability that   X    is more than 2 standard 

deviations from the mean.  
   (c)   Find a value   c    such that   X cP( ) 0.40≥ =   .  
   (d)   Suppose two values of   X    are selected at random. 

What is the probability that both values are between 
30 and 40?     

6.14     Suppose   X    is a continuous random variable with 
probability density function given by

f x
x x

( ) 8
if 0 4

0 otherwise
=

≤ ≤








 The graph of   f    is shown in the figure. 
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    (a)   Find   P( 1)X ≤   .  
   (b)   Find   XP( 3)>   .  
   (c)   Find   XP( 4)>   .  
   (d)   Find   P(2 3)X≤ ≤   .  
   (e)   Find   ≤ | ≤P( 2 3)X X   .  
   (f)   Find a value   c    such that   X cP( ) 0.5≤ =   . Explain why   c    is 

not equal to 2, halfway between 0 and 4.    

6.15     Suppose   X   is a continuous random variable with probability 
density function   f   . The graph of   f    is shown in the figure.
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    (a)   Verify that this is a valid probability density function.  
   (b)   Find a formula for the probability density function.  
   (c)   Find   P( 15)X ≤   .  
   (d)   Find   XP( 27)>   .  
   (e)   Explain why the mean of   X    is 25.       

    Section      6.1     Exercises  
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Applications
6.16 Manufacturing and Product Development A Gold 
Canyon candle is designed to last 9 hours. However, depending 
on the wind, air bubbles in the wax, the quality of the wax, and 
the number of times the candle is re-lit, the actual burning 
time (in hours) is a uniform random variable with a 6.5=  and 
b 10.5= . Suppose one of these candles is randomly selected.
 (a) Find the probability that the candle burns at least 7 hours.
 (b) Find the probability that the candle burns at most 8 hours.
 (c) Find the mean burning time and the probability that the 

burning time of a randomly selected candle will be within 
1 standard deviation of the mean.

 (d) Find a time t  such that 25% of all candles burn longer than 
t  hours.

6.17 Sports and Leisure According to Major League Baseball 
rules, a baseball should weigh between 5 and 5.25 ounces (oz) 
and have a circumference of between 9 and 9.25 inches (in.). 
Suppose the weight of a baseball (in ounces) has a uniform 
distribution with a 5.085=  and b 5.155= , and the circumference 
(in inches) has a uniform distribution with a 9.0=  and b 9.1= .
 (a) Find the probability that a randomly selected baseball has 

a weight greater than 5.14 oz.
 (b) Find the probability that a randomly selected baseball has 

a circumference less than 9.03 in.
 (c) Suppose the weight and the circumference are independent. 

Find the probability that a randomly selected baseball 
will have a weight between 5.11 and 5.13 oz and a 
circumference between 9.04 and 9.06 in.

6.18 Manufacturing and Product Development Pre-
manufactured wooden roof trusses allow builders to complete 
projects faster and with lower on-site labor costs. The connector 
plates for trusses are made from Grade A steel and are hot-dip 
galvanized. The thickness of a truss connector (in inches) varies 
slightly and has a uniform distribution with a 0.036=  and 
b 0.050= .
 (a) If the manufacturer will use only connectors with a 

minimum thickness of 0.04 in., what proportion of 
connectors is rejected?

 (b) Suppose a truss connector is selected at random. Find 
the probability that the truss connector has a thickness 
between 0.042 and 0.045 in.

 (c) Find the mean, variance, and standard deviation of the 
thickness of a truss connector.

6.19 Travel and Transportation When the Department of 
Transportation (DOT) repaints the center lines, edge lines, or 
no-passing-zone lines on a highway, epoxy paint is sometimes 
applied. This paint is more expensive than latex but lasts longer. 
If this paint splashes onto a vehicle, it has to be completely 
sanded off, and that area of the vehicle has to be repainted. 
The DOT has warned motorists that the drying time for this 
epoxy paint (in minutes) has a uniform distribution with a 30=  
and b 60= . Suppose epoxy paint is applied to a small section of 
center line.
 (a) What is the probability that the paint will be dry within 

45 minutes?
 (b) What is the probability that the paint will be dry in 

between 40 and 50 minutes?

 (c) Find a value t  such that the probability of the paint taking 
at least t  minutes to dry is 0.75.

 (d) If the DOT road crew removes all of the cones on 
the center line 55 minutes after painting, what is the 
probability that the paint will still be wet?

6.20 Public Health and Nutrition A group of researchers 
recently analyzed the salt content in breads sold around the 
world and concluded that more than one-third of all loaves 
exceed the maximum salt target for bread.4 Suppose the 
amount of salt per 100 g in a loaf of bread has a uniform 
distribution with a 0.95=  and b 1.31= . A loaf of bread is 
selected at random.
 (a) Find the probability that the loaf of bread contains more 

than 1.2 g of salt per 100 g.
 (b) Suppose the loaf of bread contains more than 1.1 g of salt 

per 100 g. What is the probability that it contains more 
than 1.2 g of salt per 100 g?

 (c) If a loaf of bread contains at most 1 g of salt per 100 g, 
it meets the voluntary target established by the Food 
and Drug Administration. Suppose 5 loaves of bread are 
selected at random. Find the probability that at most one 
exceeds this target.

6.21 Manufacturing and Product Development The length 
(in inches) of a Wamsutta Extra-Firm Standard pillow is a 
random variable with a uniform distribution on the interval 
[23.75, 25.00]. Suppose one of these pillows is selected at 
random.
 (a) Find the mean, variance, and standard deviation of the 

length of the pillow.
 (b) Find the probability that the length of the pillow is within 

1 standard deviation of the mean.
 (c) Find a value L such that the probability that the length of 

the pillow is greater than L is 0.25.

Extended Applications
6.22 Psychology and Human Behavior Some of the 
common over-the-counter medications to help people relieve 
headaches include Advil, Aleve, Excedrin, and aspirin. Suppose 
Excedrin is formulated so that an individual will feel headache 
pain relief within 30 minutes. The probability density function 
for X , the time (in minutes) it takes to feel headache relief after 
taking an Excedrin tablet, is given by

=

≤ ≤

− − < ≤










( )
0.05 if 0 10

0.0025( 30) if 10 30
0 otherwise

f x
x

x x

The graph of f  is shown in the figure.
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260 C H A P T E R  6 Continuous Probability Distributions

 (a) Verify that this is a valid probability density function.
 (b) If a randomly selected person takes an Excedrin tablet, 

what is the probability that he will experience relief within 
5 minutes?

 (c) What is the probability that the person will experience 
relief between 20 and 30 minutes after taking the tablet?

 (d) Find a value t  such that the probability of experiencing 
relief within t  minutes after taking the tablet is 0.75.

 (e) If it takes less than 15 minutes to experience relief after 
taking a tablet, people consider the medication a success. 
Suppose 20 people, each of whom has a headache, are 
selected at random. What is the probability that exactly 
14 of them experience relief successfully? What is the 
probability that at least 16 people experience relief 
successfully? What is the probability that at most 10 people 
experience relief successfully?

6.23 Marketing and Consumer Behavior The city of 
Ventura, California, recently installed new parking meters 
that are easier and faster to use and that offer users the option 
of refilling the meter remotely.5 The graph of the probability 
density function for the length of time a car is parked (in hours) 
at a metered spot in Ventura is shown in the figure. Suppose a 
car parked at a metered spot in Ventura is selected at random.

0.2
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0.6
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1.0

10 2 3 4

ƒ(x)

x

 (a) What is the probability that the car is parked for less than 
2 hours?

 (b) What is the probability that the car is parked for less than 
1.4 hours?

 (c) What is the probability that the car is parked for more 
than 2.6 hours?

 (d) What is the probability that the car is parked for between 
1.4 and 2.6 hours?

6.24 Marketing and Consumer Behavior Marini’s candy 
store on the beach boardwalk in Santa Cruz sells candy in bulk. 
Customers can mix products from more than 100 barrels. The 
graph of the probability distribution function for the number 
of pounds (lb) of candy purchased by a randomly selected 
customer is shown in the figure.
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 (a) Verify that this is a valid probability density function.
 (b) Find the probability that the next customer buys at most 

2 lb of candy.
 (c) Find the probability that the next customer buys more 

than 1 lb of candy.
 (d) Suppose the next customer buys at most 1.5 lb of candy. 

What is the probability that she buys at most 0.5 lb of 
candy?

6.25 Economics and Finance On any given trading day, 
the fluctuation, or change, in the price (in dollars) of General 
Electric stock, listed on the New York Stock Exchange, is 
between 2.00−  and 2.00. Suppose the change in price is a 
random variable and the graph of the probability density 
function is shown in the figure.
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 (a) Verify that this is a valid probability density function.
 (b) What is the probability that the stock price increases by at 

least $1.00 on a randomly selected day?
 (c) What is the probability that the change in stock price is 

between 1.00−  and 1.00?
 (d) Find a value c  such that c X cP( ) 0.90− ≤ ≤ = .

6.26 Public Health and Nutrition The health benefits 
from eating yogurt include preventing hypertension, 
regulating cholesterol levels, and strengthening the immune 
system. However, there are also varying amounts of sodium, 
carbohydrates, fat, and caffeine in each serving depending on 
the yogurt type. Suppose the amount of fat (in grams, g) in a 
cup of chocolate frozen yogurt is a random variable X  with 
probability density function given by

=
− − ≤ ≤





( )
0.08( 5) if 0 5

0 otherwise
f x

x x

The graph of f  is shown in the figure.
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 (a) Verify that this is a valid probability density function.
 (b) What is the probability that a randomly selected cup of 

chocolate frozen yogurt will have fat content less than 
2.5 g?
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 6.2 The Normal Distribution  261

   (c)   What is the probability that a randomly selected cup of 
chocolate frozen yogurt will have fat content between 
2 and 3 g?  

   (d)   Find a value   c    such that 5% of all cups of chocolate frozen 
yogurt have fat content of at least   c   .  

   (e)   What is the probability that a randomly selected cup 
of chocolate frozen yogurt will have fat content of at 
least 4 g?  

   (f)   What is the probability that the fifth cup of chocolate 
frozen yogurt will be the first to have fat content of 
at least 4 g?    

6.27      Biology and Environmental Science    The Jasper 
SkyTram transports passengers to the top of Whistlers 
Mountain in the Canadian Rockies, where there are spectacular 
views, boardwalks, and hiking trails.  6   The SkyTram travel time 
(in minutes) up the mountain is a random variable   X    with 
probability density function given by

   =
− + − ≤ ≤





( )

0.75 11.25 41.4375 if 6.5 8.5
0 otherwise

2
f x

x x x
   

 The cumulative distribution function for   X    is given by 

   ≤ =

<

− − − ≤ <

≥










P( )

0 if 6.5

0.25(6.5 ) ( 9.5) if 6.5 8.5
1 if 8.5

2X x

x

x x x
x

    (a)   Sketch the graph of the probability density function   f   .  
   (b)   Sketch the graph of the cumulative distribution function.  
   (c)   Find the probability that a SkyTram ride up the mountain 

takes less than 7 minutes.  
   (d)   Find the probability that a SkyTram ride up the mountain 

takes more than 8.25 minutes.  
   (e)   Find the probability that five Skytram rides up the 

mountain all take more than 8 minutes each.      

   Challenge Problems  
   6.28      Marketing and Consumer Behavior    Dinner customers 
at the Primanti Brothers restaurant in Pittsburgh, Pennsylvania, 
often experience a long wait for a table. For a randomly selected 
customer who arrives at the restaurant between 6:00 p.m. and 
7:00 p.m., the waiting time (in minutes) is a continuous random 
variable such that

   X x
e xx

P( )
1 if 0

0 otherwise

0.05
≤ =

− ≥





−

   

 Suppose a dinner customer is randomly selected. 
    (a)   What is the probability that the person must wait for a 

table for at most 20 minutes?  
   (b)   What is the probability that the person must wait for a 

table for more than 30 minutes?  
   (c)   What is the probability that the person must wait for a 

table for between 15 and 30 minutes?    

6.29      Psychology and Human Behavior    Parents with 
children younger than age 16 often spend a lot of time during 
the day driving their kids to various places—for example, to and 
from after-school activities, music lessons, sports practices and 
games, the library, and a friend’s home. Suppose a family has   k    
child(ren) younger than   =16 ( 1, 2, 3, 4, 5)k   , and let the random 
variable   Xk   be the time (in hours) spent taxiing them during 
the day.   Xk   has a uniform distribution with   a 0=    and   b k=   . 
For example, for a family with two children,   2X    has a uniform 
distribution with   a 0=    and   b 2=   .
    (a)   For a family with three children, what is the probability 

that the parents will spend less than 1 hour driving kids on 
a randomly selected day?  

   (b)   For a family of four children, what is the mean number 
of hours spent driving kids? What is the probability that 
the driving time will be greater than 2 standard deviations 
from the mean?  

   (c)   For a family with five children younger than 16, find a 
time   t    such that the probability of driving kids more than 
  t    hours is 0.25.  

   (d)   Suppose five families are selected at random, the first with 
one child younger than 16, the second with two children 
younger than 16, and so on. What is the probability that 
all five families drive less than 30 minutes on a randomly 
selected day? What is the probability that all five families 
drive more than 90 minutes on a randomly selected day?     

  6.30      Using Cumulative Probability    Suppose   X    is a 
continuous random variable with cumulative distribution 
function given by

   = ≤ = − ≥






−
( ) P( ) 1 if 0

0 otherwise

2 /8
F x X x e xx

   

    (a)   Sketch the graph of   F   .  
   (b)   Find   P( 4)X ≤   .  
   (c)   Find   >P( 2)X   .  
   (d)   Find   P(1 3)X≤ ≤   .  
   (e)   Find   ≤ | ≤P( 2 4)X X   .        

  6.2     The Normal Distribution  

       The Bell-Shaped Curve  
 The normal probability distribution is very common and is the most important distribu-
tion in all of statistics. This bell-shaped density curve can be used to model many natu-
ral phenomena, and the normal distribution is used extensively in statistical inference. 
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262 C H A P T E R  6 Continuous Probability Distributions

Recall that a random variable is completely described by certain parameters—for exam-
ple, a binomial random variable by   n   and   p  , and a Poisson random variable by   λ  . A nor-
mal distribution is completely characterized, or determined, by its mean   µ   and variance 
  2σ    (or by its mean   µ   and standard deviation   σ   ). 

   The Normal Probability Distribution  
 Suppose   X    is a normal random variable with mean   µ   and variance   2σ   . The probability 
density function is given by 

    
σ π

= µ σ− −( ) 1
2

( )2 /(2 2 )f x e x    (6.5) 

 and 

    x 02µ σ−∞ < <∞ −∞ < <∞ >    (6.6)    

A CLOSER LOOK  
    1.   In this probability density function,   e   is the base of the natural logarithm;   2.71828e ≈   . 

  π   is another constant, commonly used in trigonometry;   3.14159π ≈   .  
   2.   We use the shorthand notation   µ σ∼ N( , )2X    to indicate that   X    is (distributed as) a nor-

mal random variable with mean   µ   and variance   2σ   . For example,   X N(5, 36)∼    means 
that   X    is a normal random variable with mean   5µ =    and variance   362σ =    (and   6σ =   ).  

   3.    Equation 6.6  means that   x   can be any real number (the density curve continues forever 
in both directions), the mean   µ   can be any real number (positive or negative), and the 
variance can be any positive real number.  

   4.  For any mean   µ   and variance   2σ   , the density curve is symmetric about the mean   µ  , 
unimodal, and bell-shaped, as shown in  Figure 6.21  .

 We’ve seen the number   e   before, 
associated with the Poisson 
distribution. 

 Bell-shaped: Imagine placing a bell 
on a table and passing a plane (a 
piece of paper) through the bell 
perpendicular to the table. The 
intersection of the plane and the bell 
is a bell-shaped curve. 

ƒ(x) Concave down

Concave up Concave up

m − s m + sm
x

     Figure   6.21     Graph of the probability density 
function for a normal random variable with 
mean   µ   and variance   2σ   .  

 ▶   The graph of the probability density function changes concavity at   x µ σ= −    and 
again at   x µ σ= +   .  
 The mean is equal to the median because the normal distribution is symmetric. 

 ▶  It can be shown (using calculus) that the total area under this density curve is 1 
(even though it extends forever in both directions, getting closer and closer to the 
x  -axis but never touching it).   

 5.   The mean   µ   is a location parameter, and the variance   2σ    determines the spread of 
the distribution. As the variance increases, the total area under the probability density 
function (1) is rearranged. The graph is compressed down and pushed out (on the 
tails).  Figure 6.22   and  Figure 6.23   show the effects of   µ   and   2σ    on the location (center) 
and spread of the density curve.
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 6.2 The Normal Distribution  263

               The Standard Normal Random Variable  
 Suppose   X    is a normal random variable with mean   µ   and variance   2σ   :   X N( , )2µ σ∼   . The 
probability   X    lies in some interval; for example   [ , ]a b   , is the area under the density curve 
between   a   and   b   ( Figure 6.24  ). 

Note: In many of the figures that 
involve the graph of the probabiity 
density function for a normal 
random variable, we will not include 
the vertical, or density, axis. We will 
focus on the area of specific regions 
that correspond to probability 
expressions. 

     Figure   6.22     Graph of the probability density 
function for a normal distribution with   µ = 7   
and small   2σ   .  
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4 7 10 13 16 19
x
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x

     Figure   6.23     Graph of the probability density 
function for a normal distribution with   µ =12   
and large   2σ   .  

P(a ≤ X ≤ b)

ma b
x

     Figure   6.24     The shaded region corresponds to 
  P( )a X b≤ ≤   .  

   The shaded region in  Figure 6.24  is not a simple geometric figure; it’s bounded by a 
curve! Consequently, there is no nice formula for the area of this region, corresponding 
to   P( )a X b≤ ≤   . However, a probability statement associated with any normal random 
variable can be transformed into an equivalent expression involving a    standard normal 
random variable   . Cumulative probabilities associated with this distribution are provided 
in the Appendix  Table 3 . 

   The Standard Normal Random Variable  
 The normal distribution with   µ = 0   and   σ = 12    (and   σ = 1  ) is called the    standard 
 normal distribution   . A random variable that has a standard normal distribution is 
called a    standard normal random variable   , usually denoted by   Z   . The probability 
density function for   Z    is given by 

    
π

= −∞ < <∞−( ) 1
2

2 /2f z e zz    (6.7)    
 Let   µ = 0   and   σ = 1   in  Equation 6.5 . 
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264 C H A P T E R  6 Continuous Probability Distributions

A CLOSER LOOK  
    1.   In  Equation 6.7 , the independent variable   z    is used to define the probability density 

function simply because the standard normal random variable is usually denoted by   Z .    
 2. Figure 6.25   shows a graph of the probability density function for a standard normal 

random variable. The mean is   µ = 0   and the standard deviation is   σ = 1  . Note that 
most of the probability (area) is within 3 standard deviations of the mean, between   3−
and 3. The shorthand notation   Z ∼ N(0, 1)   means   Z    is a normal random variable with 
mean 0 and variance 1.

 3.   The standard normal distribution is not common, but it is used extensively as a refer-
ence distribution. Any probability statement involving any normal random variable 
can be transformed into an equivalent expression (with the same probability) involving 
a   Z    random variable. We will learn how to standardize expressions shortly. Therefore, 
you need to become an expert at computing probabilities in the   Z    world. Probabilities 
associated with   Z    are computed using cumulative probability, as described in the next 
section.  Figure 6.26   shows the steps for computing probabilities associated with a nor-
mal random variable.

 We will often refer to a standard 
normal distribution as a   Z    world. 

−3 −2 −1 0 1 2 3
z

     Figure   6.25     Graph of the probability density 
function for a standard normal random 
variable.  

Probability
statement
involving

µ σ∼X N( , )2

Probability 
statement 
involving

∼Z N(0, 1)

Final 
answer

     Figure   6.26     Strategy for computing a probability associated with any normal 
random variable.  

              Use Cumulative Probability  
 Probabilities associated with a standard normal random variable   Z    are computed using 
cumulative probability. Appendix  Table 3  contains values for   P( )Z z≤    for selected values 
of   z   .  Figure 6.27   shows the geometric region corresponding to   P( )Z z≤   , and   Figure 6.28 
illustrates the use of Appendix  Table 3 . Locate the units and tenths digits in   z    along the 
left side of the table. Find the hundredths digit in   z    across the top row. The intersection 
of this row and column, in the body of the table, contains the cumulative probability. 
Note that Appendix  Table 3  is limited; various technology solutions are more versatile 
and  accurate. 

RAPID 
REVIEW

Z scores.
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 6.2 The Normal Distribution  265

      The following example illustrates the use of Appendix  Table 3  to find probabilities 
associated with   Z   . 

      EXAMPLE   6.4      Probability Calculations Associated 
with the Standard Normal Distribution  

 Use Appendix  Table 3  to find each probability associated with the standard normal 
 distribution. 

    (a)     P( 1.45)Z ≤     
   (b)     P( 0.6)Z ≥−     
   (c)     P( 1.25 2.13)Z− ≤ ≤     
   (d)   Find the value   b   such that   ≤ =P( ) 0.90Z b   .   

   Solution  
    (a)  This probability expression is already a cumulative probability. Go directly to Appendix 

 Table 3 . Find the intersection of the 1.4 row and the 0.05 column.

   ≤ =P( 1.45) 0.9265Z    Cumulative probability; use Appendix  Table 3 . 

  Figure 6.29   is a visualization of this probability, and  Figure 6.30   shows a technology 
solution. 

 EXAMPLE   6.4      EXAMPLE   6.4     

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

� � � � � � � � � � �

1.0 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621
1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830
1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015
1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177
1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319

� � � � � � � � � � �

     Figure   6.27     The shaded area under the 
graph of the standard normal density 
function corresponds to   P( )Z z≤   .  

P(Z ≤ z)

z0

     Figure   6.28     The entry in  Table 3  at the intersection of the 1.2 row and the 0.03 column is   P( 1.23) 0.8907Z ≤ =   .  

P(Z ≤ 1.45)

1.450

     Figure   6.29     The area of the shaded region is 
  P( 1.45)Z ≤   .  

       Figure   6.30     Use the R command pnorm() to find cumulative 
probability associated with a normal random variable.  

> round(pnorm(1.45),4)
[1] 0.9265
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266 C H A P T E R  6 Continuous Probability Distributions

 (b) This is a right-tail probability. Convert to a cumulative probability and use Appendix 
Table 3.

≥− = − <−

= − ≤−
= − =

P( 0.6) 1 P( 0.6)
1 P( 0.6)
1 0.2743 0.7257

Z Z
Z

Figure 6.31 is a visualization of this probability, and Figure 6.32 shows a technology 
solution.

 (c) Find all the probability up to 2.13, find all the probability up to 1.25− , and subtract. 
The difference is the probability that Z  lies in this interval.

− ≤ ≤

= ≤ − <−

= ≤ − ≤−
= − =

P( 1.25 2.13)
P( 2.13) P( 1.25)
P( 2.13) P( 1.25)
0.9834 0.1056 0.8778

Z
Z Z
Z Z

Figure 6.33 is a visualization of this probability, and Figure 6.34 shows a technology 
solution.

 (d) In this problem, we need to work backward to find the solution. This is an inverse 
cumulative probability problem. The cumulative probability is given. We need the 
value b such that the cumulative probability is 0.90. See Figure 6.35. Search the body 
of Appendix Table 3 to find a cumulative probability as close to 0.90 as possible. 
Read the row and column entries to find b.
In the body of Table 3, the closest cumulative probability to 0.90 is 0.8997. This cor-
responds to 1.28 b≈ . Figure 6.36 shows a more accurate technology solution.

The Complement Rule.

One value doesn’t matter.

Use Appendix Table 3.

Use cumulative probability.

One value doesn’t matter.

Use Appendix Table 3.

Figure 6.31 The area of the shaded region is 
P( 0.6)Z ≥− .

P(Z ≥ −0.6)

−0.6 0
z

Figure 6.32 Use cumulative probability or set 
lower.tail=FALSE to find the right tail 
probability.

> p <- 1 - pnorm(-0.6)
> round(p,4)
[1] 0.7257>
>
rt <- pnorm(-0.6,lower.tail=FALSE)
> round(rt,4)
[1] 0.7257

Figure 6.33 The area of the shaded region is 
P( 1.25 2.13)Z− ≤ ≤ .

−1.25 0 2.13
z

P(–1.25 ≤ Z ≤ 2.13)

Figure 6.34 Use cumulative probability 
to find P( 1.25 2.13)Z− ≤ ≤ .

> a <- pnorm(2.13)
> b <- pnorm(-1.25)
> p <- a-b
> round(cbind(a,b,p),4)

a b p
[1,] 0.9834 0.1056 0.8778
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     Figure   6.35     The area of the shaded region is 
  0.90 P( )Z b= ≤   .  

P(Z ≤ b) = 0.90

0
z

b

     Note: Linear interpolation can be used to find a more exact answer. A technology 
solution like the one presented in  Figure 6.36 , which uses a special inverse cumulative 
probability function, is preferable. ◾

   TRY IT NOW       Go to Exercise 6.45     

   Interpolation  
 Interpolation is a method of approximation. It is often used to estimate a value at a 
position between two given values in a table. Linear interpolation assumes that the 
two known values lie on a straight line. 
 In Example 6.4(d), 0.90 is between the Appendix  Table 3  known cumulative prob-
abilities 0.8997 and 0.9015. Suppose the two points   (1.28, 0.8997)   and   (1.29, 0.9015)
lie on a straight line. The approximate   z    value corresponding to the cumulative 
probability 0.90 is 

   + − − =1.28 (0.01)(0.90 0.8997)/(0.9015 0.8997) 1.2817     

       Standardization  
 The following rule provides the connection between any normal random variable and the 
standard normal random variable. 

   Standardization Rule  
 If   X    is a normal random variable with mean   µ   and variance   2σ   , then a standard nor-
mal random variable is given by 

µ
σ

=
−Z X    (6.8)    

A CLOSER LOOK  
    1.   The process of converting from   X    to   Z    is called    standardization   .   Z    is a standardized 

random variable.  
 2.   Using this rule, any probability involving a normal random variable can be trans-

formed into an equivalent expression involving a   Z    random variable. We can then 
convert to cumulative probability if necessary, and use Appendix  Table 3 .  

 3.   The Standardization Rule given previously is illustrated in  Figure 6.37  , using cumula-
tive probability.

There are other types of 

standardization, but   
µ

σ
=

−
Z

X
   is 

the most common. 

       Figure   6.36     Use the R command qnorm() 
to find inverse cumulative probability 
associated with a normal random variable.  

> round(qnorm(0.90),4)
[1] 1.2816

RAPID 
REVIEW

Linear interpolation.
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268 C H A P T E R  6 Continuous Probability Distributions

P(X ≤ x)

P(Z ≤ z)

N(0, 1)N(m, s 2)

m x 0 z

s
X − m

     Figure   6.37     An illustration of standardization. The areas of the shaded regions are equal.      

      The following calculation shows why the two shaded regions in  Figure 6.37  have 
the same area, as well as how to use the rule to compute probabilities involving any 
normal random variable. 

 Assume   ∼ µ σN( , )2X   . 

µ
σ σ

≤

=
−

≤
−








= ≤

P( )

P

P( )

X x

X x u

Z z

 Remember the phrase: Whatever you 
do to one side of the inequality, you 
have to do to the other side. 

       Standardization Examples  
 The following examples involve normal random variables and standardization. The hardest 
part of these types of problems is (as before) (1) to define and identify the probability dis-
tribution, and (2) to write a probability statement. Given a probability statement involving a 
normal random variable, all we have to do is standardize and use cumulative probability. Even 
for backward problems (with a known probability), we still standardize and still use cumula-
tive probability. Note that the technology solutions presented do not require standardization. 

 EXAMPLE   6.5      Probability Calculations Associated with a 
 Normal Random Variable  

 Suppose   X    is a normal random variable with mean 10 and variance 4:   ∼ N(10, 4)X   , and 
  σ = =4 2  . 
    (a)   Find   >P( 12.5)X   .  
   (b)   Find   P(9 10)X≤ ≤   .  
   (c)   Find the value   b   such that   ≤ =P( ) 0.75X b   .   

   Solution  

    (a)    X    is a normal random variable. We know the mean and standard deviation. Stan-
dardize and use cumulative probability associated with   Z   .

       

( )> =
−

>
−








= >

= − ≤
= − =

P 12.5 P 10
2

12.5 10
2

P( 1.25)
1 P( 1.25)
1 0.8944 0.1056

X X

Z
Z

   

   Figure 6.38   illustrates this standardization and solution.  

 EXAMPLE   6.5      EXAMPLE   6.5     

The original (cumulative) probability statement.

Work within the probability statement. Subtract the 
mean of X and divide by the standard deviation 

of X, on both sides of the inequality (standardize).

Apply the Standardization Rule within the 
probability statement. The expression with X is 

transformed into Z. The expression with x becomes 
some fixed value z. Use Appendix  Table 3 to find this probability.

Standardize.

Equation 6.8; simplify.

The Complement Rule.

Use Appendix Table 3.
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 (b) Here, we need to standardize again. Work within the probability statement to write 
an equivalent expression involving Z .

≤ ≤ =
−

≤
−

≤
−








= − ≤ ≤

= ≤ − <−

= ≤ − ≤−
= − =

P(9 10) P 9 10
2

10
2

10 10
2

P( 0.5 0)
P( 0) P( 0.5)
P( 0) P( 0.5)
0.5000 0.3085 0.1915

X X

Z
Z Z
Z Z

Figure 6.39 illustrates this standardization and solution.
 (c) Convert the given expression into a cumulative probability involving Z . Because the 

probability is already given, this is an inverse, or backward, cumulative probability 
problem. So we will work backward in Appendix Table 3.

≤ =
−

≤
−








= ≤
−






=

P( ) P 10
2

10
2

P 10
2

0.75

X b X b

Z b

There is no other simplification within the probability statement. However, the 
resulting probability statement involves Z  and is a cumulative probability. Find a 
value in the body of Appendix Table 3 as close to 0.75 as possible. Set the corre-

sponding z  equal to 10
2

b−





 , and solve for b.

−
=

− =
=

10
2

0.6745

10 1.349
11.349

b

b
b

Equation 6.8; simplify.

Standardize

N(10, 4)

N(0, 1)

P(Z > 1.25)

P(X > 12.5)

10.0 12.5

0 1.25

x

z

Figure 6.38 A visualization 
of the standardization in 
Example 6.5 (a). The value 
X =10 is transformed to Z = 0, 
and X =12.5 is transformed 
to Z =1.25. The areas of the 
shaded regions are the same.

P(9 ≤ X ≤ 10)

N(10, 4)

9 10
x

P(−0.5 ≤ Z ≤ 0)

−0.5 0

N(0, 1)

z

Figure 6.39 A visualization of the 
standardization in Example 6.5 (b).

Standardize.

Use cumulative probability.

One value doesn’t matter.

Use Appendix Table 3.

Equation 6.8.

Standardize.

Multiply both sides by 2.

Appendix Table 3; interpolation.

Add 10 to both sides.
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270 C H A P T E R  6 Continuous Probability Distributions

 Therefore,   ≤ =P( 11.349) 0.75X    and   = 11.349b   .  Figure 6.40   illustrates this stan-
dardization and solution. 

   TRY IT NOW       Go to Exercises 6.49  and  6.53      

 EMV Chip Technology  

 Find the probability that a randomly selected EMV chip card processing 
time is less than 10 seconds.    

 EMV Chip Technology   EMV Chip Technology   EMV Chip Technology    CHAPTER APP

     TomCarpenter/Shutterstock    

x

P(X ≤ 11.349) = 0.75

N(10, 4)

10 11.349
z

P(Z ≤ 0.6745) = 0.75

N(0, 1)

0 0.6745

       Figure   6.40     A visualization of the standardization in Example 6.5 (c).  

Figures 6.41  – 6.43   show technology solutions. Note that there is no need to standard-
ize using R to evaluate these probability expressions.         

       Figure   6.41       P( 12.5)X ≥     

> a <- pnorm(12.5,10,2)
> p <- 1-a
> round(cbind(a,p),4)

a p
[1,] 0.8944 0.1056

> p <- pnorm(12.5,10,2,lower.tail=FALSE)
> round(cbind(p),4)

p
[1,] 0.1056

     Figure   6.42        P(9 10)X≤ ≤       

> a <- pnorm(10,10,2)
> b <- pnorm(9,10,2)
> p <- a-b
> round(cbind(a,b,p),4)

a b p
[1,] 0.5 0.3085 0.1915

     Figure   6.43     Inverse cumulative 
probability solution using R.         ◾

> b <- qnorm(0.75,10,2)
> round(cbind(b),4)

b
[1,] 11.349

si
m

ps
on

33
/

D
ep

os
it 

Ph
ot

os

 EXAMPLE   6.6      Seat Pitch  
 Seat pitch, more commonly called leg room, on a passenger airline is the distance from 
the back of one seat to the front of the one directly behind it. The greater the seat pitch, 
the more comfortable the seat and the less likely you are to travel with your knees against 
your chest. Some passengers pay a premium for extra leg room rather than sit in a regular 
coach seat. Suppose the seat pitch for all coach seats is normally distributed, with mean 
31 in. and standard deviation 0.5 in.  7   

 (a)   For a randomly selected coach seat, find the probability that the seat pitch is between 
30.5 and 32 in. (considered barely comfortable).  

 (b)   Any seat pitch less than 30 in. is considered constricted. Find the probability that a 
randomly selected coach seat is constricted.   

   Solution  
 Define a normal random variable and translate each question into a probability state-
ment. Standardize and use cumulative probability associated with   Z    if necessary. 

 EXAMPLE   6.6      EXAMPLE   6.6     
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(a) Let X  be the seat pitch in inches. The keywords in the problem suggest 
X ∼ N(31, 0.25).
Between 30.5 and 32 means in the interval [30.5, 32] (whether it is closed or open 
doesn’t matter). Find the probability that X  lies in this interval.

≤ ≤

=
−

≤
−

≤
−








= − ≤ ≤

= ≤ − ≤−
= − =

P(30.5 32)

P 30.5 31
0.5

31
0.5

32 31
0.5

P( 1.00 2.00)
P( 2.00) ( 1.00)
0.9772 0.1587 0.8185

X
X

Z
Z P Z

The probability that a randomly selected coach seat has seat pitch between 30.5 and 
32 in. is 0.8185.

(b) A seat is constricted if the value of X  is less than 30 in.
Find X <P( 30).

X X

Z Z

P 30 P 31
0.5

30 31
0.5

P 2.00 P 2.00
0.0228

( )

( ) ( )

< =
−

<
−








= <− = ≤−

=

The probability that a randomly selected coach seat is constricted is 0.0228.
Figure 6.44 shows technology solutions to parts (a) and (b). Figure 6.45 illustrates the 
standardization in part (b).

Figure 6.45 A visualization of the 
standardization in Example 6.6 (b). ◾

x

P(X < 30) = 0.0228

30 31

N(31, 0.25)

z

P(Z < −2.00) = 0.0228

−2.00 0

N(0, 1)

TRY IT NOW    Go to Exercises 6.55 and 6.59

Standardize.

Equation 6.8; simplify.

Use cumulative probability.

Use Appendix Table 3.

Standardize.

Equation 6.8; simplify.

Cumulative probability; use Appendix Table 3.

Figure 6.44 Normal probability 
calculations using R.

> # Part (a)
> a <- pnorm(32,31,0.5)
> b <- pnorm(30.5,31,0.5)
> p <- a-b
> round(cbind(a,b,p),4)

p
[1,] 0.0228

a b p
[1,] 0.9772 0.1587 0.8186
>
> # Part (b)
> p <- pnorm(30,31,0.5)
> round(cbind(p),4)
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272 C H A P T E R  6 Continuous Probability Distributions

       The Normal Distribution and Inference  

 EXAMPLE   6.7      Stoppage Time  
 During a soccer game, stoppage time is an allowance made at the discretion of  the ref-
eree for time lost through substitutions, player injury, or a team simply  wasting time. 
This extra time is added on to the end of the match. During the World Cup soccer 
games in 2018, the mean stoppage time per match was 6.4 minutes.  8   Assume the dis-
tribution of stoppage time is normal with standard deviation 1.6 minutes. 

 (a)   Find a symmetric interval about the mean time,   [ , ]b bµ µ− +   , such that 95% of all 
stoppage times lie in this interval.  

 (b)   A random soccer game was selected following the World Cup and the stoppage time 
was 10.1 minutes. Is there any evidence to suggest that the mean stoppage time has 
changed? Justify your answer.   

   Solution  
(a)  
 STEP 1  Let   X    be the stoppage time in minutes of a randomly selected World Cup soccer 

match. The information given indicates that   X    is a normal random variable with 
mean   6.4µ =    and standard deviation   1.6σ =   :   X ∼ N(6.4, 2.56)  .
 “Find a symmetric interval about the mean such that 95% of all stoppage 
times lie in this interval” translates as “Find a value of   b   such that 

b X b− ≤ ≤ + =P(6.4 6.4 )    0.95.”  Figure 6.46   illustrates this probability statement.    

 EXAMPLE   6.7      EXAMPLE   6.7     

     Figure   6.46     A graphical 
representation of the probability 
statement.  

x
6.4 − b 6.4 + b6.4

0.95 0.0250.025

N(6.4, 2.56)

P(6.4 − b ≤ X ≤ 6.4 + b)

  STEP 2  We need to find the value of   b  , the length of time in each direction from the mean 
that forms the required symmetric interval. Since this question involves a normal 
random variable, we will certainly have to standardize. And, because the proba-
bility is given, this is a backward problem.
 To use Appendix  Table 3 , we need a cumulative probability statement. So we need 
another interpretation of  Figure 6.46  involving cumulative probability and the value   b  . 
Here are two possibilities. 
    i.    P( 6.4 ) 0.025X b≤ − =   

 The area (or probability) in the tails of the distribution is   1 0.95 0.05− =    (the 
Complement Rule). The normal distribution is symmetric, so the probability 
to the left of   (6.4 )b−    is   0.05/2 0.025=   .  

  ii.    P( 6.4 ) 0.975X b≤ + =   
 The probability to the left of   (6.4 )b+    is   0.95 0.025 0.975+ =   .      

  STEP 3  We’ll use the expression in (i).  

   
≤ − =

−
≤

− −





=

= ≤
−








P( 6.4 ) P 6.4
1.6

(6.4 ) 6.4
1.6

0.025

P
1.6

X b X b

Z b
   

Equation 6.8; simplify.

Standardize.
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 There is no further simplification within the probability statement. The resulting 
expression involves   Z    and is a cumulative probability. Find a value in the body 
of Appendix  Table 3  as close to 0.025 as possible.  Figure 6.47   illustrates this 
 standardization. 
 Set the corresponding   z    value equal to   

1.6
b−   , and solve for   b  . 

      

−
= −

− = −
=

1.6
1.96

3.136
3.136

b

b
b

     

 The value of   b   is 3.136 minutes and the symmetric interval about the mean is 

   
− ≤ ≤ + = − ≤ ≤ +

= ≤ ≤ =

P(6.4 6.4 ) P(6.4 3.136 6.4 3.136)
P(3.264 9.536) 0.95

b X b X
X

 Thus, 95% of all stoppage times are between 3.264 and 9.536 minutes. 
 Technology can be used to find the endpoints of the interval without solving for   b  . 
See  Figure 6.48  .  

(b)    Part (b) is a statistical inference problem. We see the phrase, “Is there any evidence to 
suggest,” which signals the four-step inference process.
 The claim or status quo is   6.4µ =    minutes. This implies, as in part (a), that the ran-
dom variable   X    has a normal distribution, with   6.4µ =    and   1.6σ =   . 
  Claim :   ∼µ = ⇒6.4 N(6.4, 2.56)X    
 The experimental outcome is that the stoppage time in a random soccer game was 
10.1 minutes. Write this outcome as an observed value of the random variable. 
  Experiment :   10.1x =      
 It seems reasonable to consider   P( 10.1)X =   , the probability of observing a stoppage 
time of 10.1 minutes, and then draw a conclusion based on this probability. However, 
since   X    is a continuous random variable, the probability of a single value is 0. So 
  P( 10.1) 0X = =   . 
 Therefore, as before, we consider a tail probability as a measure of likelihood. 
And, since 10.1 is to the right of the mean, we’ll consider a right-tail probability. See 
 Figure 6.49  . 

   Likelihood : 

≥ =
−

≥
−








= ≥

= − ≤
= − =

P( 10.1) P 6.4
1.6

10.1 6.4
1.6

P( 2.31)
1 P( 2.31)
1 0.9896 0.0104

X X

Z
Z

Conclusion : Because this tail probability is so small (less than 0.05), it is very unusual 
to observe a stoppage time of 10.1 minutes or greater (if the claim of   6.4µ =    minutes is 
true). But it happened! Therefore, there is evidence to suggest the claim is false. In the 
context of this problem, there is evidence to suggest that the mean stoppage time per 
soccer match is different from (well, greater than) 6.4 minutes. 
  Figure 6.50   shows a technology solution. ◾   

   TRY IT NOW       Go to Exercises 6.57  and  6.61       

x

P(X < 6.4 − b) = 0.025

6.4 − b 6.4

N(6.4, 2.56)

z

P(Z < −1.96) = 0.025

−1.96 0

N(0, 1)

       Figure   6.47     A visualization of the 
standardization in Example 6.7 (a).  

  Figure   6.49       P( 10.1)X ≥    is a right-
tail probability and a measure of 
the likelihood in this statistical 
inference.  

x

P(X ≥ 10.1)

N(6.4, 2.56)

6.4 10.1

 EMV Chip Technology  

 Suppose a EMV chip card transaction is selected at random and the pro-
cessing time is 20 seconds. Is there any evidence to suggest that the mean 
processing time is greater than 13 seconds? 

 EMV Chip Technology   EMV Chip Technology   EMV Chip Technology    CHAPTER APP

Appendix Table 3.

Multiply both sides by 1.6.

Multiply both sides by −1.

Standardize.

Equation 6.8; simplify.

The Complement Rule, in a continuous world.

Use Appendix Table 3; simplify.

     Figure   6.48     A technology solution 
using R. Use inverse cumulative 
probability to find each endpoint.  

> a <- qnorm(0.025,6.4,1.6)
> b <- qnorm(0.975,6.4,1.6)
> round(cbind(a,b),3)

a b
[1,] 3.264 9.536

       Figure   6.50     Tail probability 
calculation using R.  

> a <- pnorm(10.1,6.4,1.6)
> p <- 1 - a
> round(cbind(a,p),4)

a p
[1,] 0.9896 0.0104

simpson33/Deposit Photos
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Concept Check
6.31      True or False    The graph of the probability density 
function for any normal random variable is bell-shaped.  

   6.32      True or False    The mean and variance of a normal 
random variable determine the location and spread of the 
distribution.  

   6.33      Fill in the Blank    The standard normal random variable 
has mean  and variance  .  

6.34      Fill in the Blank    Any probability statement involving 
a normal random variable can be converted to an equivalent 
statement involving a standard normal random variable 
through the process of  .  

6.35      Multiple Choice    For any normal random variable   X   , 
the statement   P( )X x≤    is (a) a cumulative probability; (b) an 
inverse cumulative probability; or (c) standardized.  

   6.36      Short Answer    Suppose   X    is a normal random variable 
and   a   and   b   are constants. Rewrite each expression in terms 
of cumulative probability.
    (a)     P( )X b≥        (b)     P( )a X b≤ ≤        (c)     P( )X a X b≤ ∪ ≥

   Practice  
6.37     Let the random variable   Z   have a standard normal 
distribution. Find each of the following probabilities and 
carefully sketch a graph corresponding to each expression.
    (a) P( 2.16)Z ≤    (b)     P( 2.16)Z <     
   (c) P( 0.47)Z ≤−    (d)     P(0.73 )Z>     
   (e) P( 1.75 )Z− ≥    (f)     P( 0.35 0.65)Z− ≤ ≤     
   (g) P( 5)Z <    (h)     P( 4)Z ≤−     
   (i) P( 4)Z ≤    (j)     P( 5)Z ≥−        

6.38     Let the random variable   Z   have a standard normal 
distribution. Find each of the following probabilities and 
carefully sketch a graph corresponding to each expression.
    (a) P( 1.33 )Z− >    (b)     P( 2.35)Z <     
   (c) P( 2.59)Z >    (d)     P( 1.56 0.56)Z− < <−     
   (e) P(0.13 2.44)Z< <    (f)     P( 0.05 0.76)Z− < <     
   (g) P( 2.67)Z ≥    (h)     P( 1.42)Z ≤     
   (i) P( 2 2)Z Z≤− ∪ ≥    (j)     − < ≤−P( 1.82 0.94)Z        

6.39     Let the random variable   Z   have a standard normal 
distribution. Find each of the following probabilities.
    (a)     P( 1.00 1.00)Z− ≤ ≤
   (b) P( 2.00 2.00)Z− ≤ ≤
   (c) P( 3.00 3.00)Z− ≤ ≤

 Do you recognize these probabilities (from  Chapter 3 ). What 
rule are they associated with?  

6.40     Let the random variable   Z   have a standard normal 
distribution. Solve each expression for   b  . Carefully sketch a 
graph corresponding to each probability statement.
    (a) P( ) 0.8686Z b≤ =    (b)     P( ) 0.1867Z b< =     
   (c) P( ) 0.0016Z b< =    (d)     P( ) 0.2643Z b≥ =     

   (e) P( ) 0.9382Z b> =    (f)     P( ) 0.5000Z b≥ =     
   (g) P( ) 0.0192b Z< =    (h)     P( ) 0.9938b Z> =     
   (i) P( ) 0.7995b Z b− < < =    (j)     P( ) 0.5527b Z b− ≤ ≤ =        

6.41     Let the random variable   Z   have a standard normal 
distribution. Solve each expression for   b  . Carefully sketch a 
graph corresponding to each probability statement.
    (a) P( ) 0.5100Z b≤ =    (b)     P( ) 0.1080Z b> =     
   (c) P( ) 0.0500Z b≥ =    (d)     P( ) 0.0100Z b≤ =     
   (e) P( ) 0.8000b Z b− ≤ ≤ =    (f)     P( ) 0.6535b Z b− < < =        

6.42     Let the random variable   Z   have a standard 
normal distribution. Recall the definition of percentiles. 
P( 1.0364) 0.85Z ≤ =   , so 1.0364 is the 85th percentile. Find each 
of the following percentiles for a standard normal distribution.
    (a)   10th     (b)   27th  
   (c)   85th     (d)   40th  
   (e)   49th     (f)   61st     

6.43     Let   Z   be a standard normal random variable and recall the 
calculations necessary to construct a box plot.
    (a)   Find the first and third quartiles for a standard normal 

distribution.  
   (b)   Find the inner fences for a standard normal distribution.  
   (c)   Find the probability that   Z   is beyond the inner fences.  
   (d)   Find the outer fences for a standard normal distribution.  
   (e)   Find the probability that   Z   is beyond the outer fences.     

6.44     Compute each probability and carefully sketch a graph 
corresponding to each expression.
    (a) ∼ N(3, 0.0225)X   ,   P( 3.25)X ≤
   (b) ∼ N(52, 49)X   ,   P( 60)X >
   (c) ∼ N( 7, 1)X −   ,   P( 4.5)X ≤−
   (d) ∼ N(235, 121)X   ,   >P( 200)X
   (e) ∼ N(242, 132)X   ,   P( 350)X ≥
   (f) ∼ N(1.17, 3.94)X   ,   P( 1.45)X <−

6.45     Use technology to compute each probability and to 
carefully sketch a graph corresponding to each expression.
    (a) ∼ N(3.7, 4.55)X   ,   P(3.0 4.0)X≤ ≤
   (b) ∼ N(62, 100)X   ,   P(50 70)X< <
   (c) ∼ N(32, 30)X   ,   P( 45)X ≥
   (d) ∼ N(77, 0.01)X   ,   P( 76.95)X <
   (e) ∼ N( 50, 16)X −   ,   P( 55 45)X X<− ∪ >−
   (f) ∼ N(7.6, 12)X   ,   P(8 9)X≤ ≤

6.46     Use technology to solve each expression for   b  .
    (a) ∼ N(17, 28)X   ,   P( ) 0.75X b< =
   (b) ∼ N(303, 70)X   ,   P( ) 0.05X b≤ =
   (c) ∼ N(0, 25)X   ,   P( ) 0.90b X b− ≤ ≤ =
   (d) ∼ N( 12, 2)X −   ,   P( ) 0.35X b> =
   (e) ∼ N(37, 2.25)X   ,   P( ) 0.68b X bµ µ− ≤ ≤ + =
   (f) ∼ N(26.35, 7.21)X   ,   < =P( ) 0.11X b

6.47     Suppose   X    is a normal random variable with mean 25 and 
standard deviation 6:   ∼ N(25, 36)X   .
    (a)   Find the first and third quartiles for   X   .  
   (b)   Find the inner fences for   X   .  

Concept Check
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 (c) Find the probability that X  is beyond the inner fences.
 (d) Find the outer fences for X .
 (e) Find the probability that X  is beyond the outer fences.

Applications
6.48 Economics and Finance San Francisco is one of the 
most expensive U.S. cities in which to live. As of April 2018, 
the mean rent for a one-bedroom apartment in the Mission 
District was $3442.9 Assume that the distribution of rents is 
approximately normal and the standard deviation is $300. 
A one-bedroom apartment in the Mission District is selected 
at random.
 (a) Find the probability that the rent is less than $3000.
 (b) Find the probability that the rent is between $3200 and 

$3600.
 (c) Find a rent r  such that 90% of all rents are less than r  

dollars per month.

6.49 Marketing and Consumer Behavior According to an 
annual survey conducted by TheKnot.com, the mean cost of a 
wedding in 2017 was $33,391.10 This is actually $2000 less than 
the mean in 2016, but still daunting for parents whose children 
are thinking about marriage. Suppose the cost for a wedding is 
normally distributed, with a standard deviation of $1500, and a 
wedding is selected at random.
 (a) Find the probability that the wedding costs more than 

$35,000.
 (b) Find the probability that the wedding costs between 

$30,000 and $34,000.
 (c) Find the probability that the wedding costs less than 

$29,000.

6.50 Public Policy and Political Science The president 
of the United States gives a State of the Union Address every 
year in late January or early February. Since Lyndon Johnson’s 
address in 1966, Richard Nixon gave some of the shortest 
messages, and Bill Clinton presented an address lasting 1 hour, 
28 minutes, in 2000.11 The mean length of these addresses is 
approximately 53 minutes and the standard deviation is 14.4 
minutes. Assume the length of a State of the Union Address is 
normally distributed.
 (a) What is the probability that the next State of the Union 

Address will be between 45 and 55 minutes long?
 (b) What is the probability that the next State of the Union 

Address will be more than 90 minutes long?
 (c) What is the probability that the next two State of the 

Union Addresses will be less than 30 minutes long?

6.51 Manufacturing and Product Development A stan-
dard Versa-Lok block used in residential and commercial 
retaining wall systems has mean weight 37.19 kg (kilograms).12 
Assume the standard deviation is 0.8 kg and the distribution 
is approximately normal. A standard block unit is selected at 
random.
 (a) What is the probability that the block weighs more than 

38 kg?
 (b) What is the probability that the block weighs between 

36 and 37 kg?

 (c) If the block weighs less than 35.5 kg, it cannot be used 
in certain commercial construction projects. What is the 
probability that the block cannot be used?

6.52 Marketing and Consumer Behavior Movie trailers are 
designed to entice audiences by showing scenes from coming 
attractions. Several trailers are usually shown in a theater before 
the start of the main feature, and most are available via the 
Internet. The duration of a movie trailer is approximately normal, 
with mean 150 seconds and standard deviation 30 seconds.
 (a) What is the probability that a randomly selected trailer 

lasts less than 1 minute?
 (b) Find the probability that a randomly selected trailer lasts 

between 2 minutes and 3 minutes, 15 seconds.
 (c) Any movie trailer that lasts beyond 4 minutes, 30 seconds 

is considered too long. What proportion of movie trailers 
is too long?

 (d) Find a symmetric interval about the mean such that 99% 
of all movie trailer durations lie in this interval.

6.53 Biology and Environmental Science The salinity, or 
salt content, in the ocean is expressed in parts per thousand 
(ppt). This number varies with depth, rainfall, evaporation, 
river runoff, and ice formation. The mean salinity of the oceans 
is 35 ppt.13 Suppose the distribution of salinity is normal and 
the standard deviation is 0.52 ppt, and suppose a random 
sample of ocean water from a region in the tropical Pacific 
Ocean is obtained.
 (a) What is the probability that the salinity is more than 

36 ppt?
 (b) What is the probability that the salinity is less than 

33.5 ppt?
 (c) A certain species of fish can survive only if the salinity is 

between 33 and 35 ppt. What is the probability that this 
species can survive in a randomly selected area?

 (d) Find a symmetric interval about the mean salinity such 
that 50% of all salinity levels lie in this interval. What are 
the endpoints of this interval called?

6.54 Public Health and Nutrition Many people grab an 
energy bar for breakfast or for a snack to make it through 
the afternoon slump at work. A Clif Chocolate Chip Energy 
Bar weighs 68 g, and the mean amount of protein in each bar 
is 9 g.14 Suppose the amount of protein in a bar is normally 
distributed and the standard deviation is 0.15 g, and a random 
Clif Chocolate Chip Energy Bar is selected.
 (a) What is the probability that the amount of protein is less 

than 8.75 g?
 (b) What is the probability that the amount of protein is 

between 8.8 and 9.2 g?
 (c) Suppose the amount of protein is at least 9.1 g. What is the 

probability that it is more than 9.3 g?
 (d) Suppose three bars are selected at random. What is the 

probability that all three will have protein content between 
8.7 and 9.3 g?

6.55 Public Health and Nutrition Many typical household 
cleaners contain toxic chemicals. 2-Butoxyethanol is found 
in multipurpose cleaners and is a very powerful solvent. 
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The Environmental Protection Agency (EPA) has a safety 
standard for this chemical when used in the workplace, but 
cleaning at home in a confined area can cause levels to rise well 
above this standard. The mean percentage of 2-butoxyethanol 
in Rain-X Glass Cleaner is 3%.15 Suppose the distribution is 
approximately normal and the standard deviation is 1%, and a 
random bottle of Rain-X Glass Cleaner is selected.
 (a) What is the probability that the percentage of 

2-butoxyethanol is less than 2.5%?
 (b) What is the probability that the percentage of 

2-butoxyethanol is between 2.2% and 3.5%?
 (c) Suppose the EPA has established a limit of 5% 

2-butoxyethanol in all consumer products. What is  
the probability that a bottle exceeds this limit?

6.56 Psychology and Human Behavior In many U.S. 
families, both parents work outside the home, while children 
spend time at daycare centers or are cared for by other relatives. 
The mean amount of time fathers spend on child care is 8 hours 
per week.16 Suppose this time distribution is approximately 
normal with standard deviation 0.75 hour, and suppose a father 
is randomly selected.
 (a) What is the probability that the father spends at least 

8.5 hours on child care in a given week?
 (b) What is the probability that the father spends between 

6.5 and 7.5 hours on child care in a given week?
 (c) What is the probability that the father spends less than 

6 hours on child care in a given week?
 (d) What is the probability that the father will spend at least 

9 hours on child care in each of five randomly selected 
weeks?

6.57 Sports and Leisure The base running ability of a 
Major League Baseball (MLB) player is often measured as 
sprint speed, in feet per second (ft/sec), during a player’s fastest 
1-second window. The elite speedsters steal second base easily, 
make it from first to home on a long double, and are generally 
outfielders. The mean sprint speed for all MLB players is  
27 ft/sec.17 Suppose the distribution of sprint speeds is normal 
with standard deviation 1.5 ft/sec, and suppose an MLB player 
is selected at random.
 (a) What is the probability that he will have a sprint speed 

faster than Mookie Betts (28.2 ft/sec)?
 (b) What is the probability that he will have a sprint speed 

between 25 and 30 ft/sec?
 (c) Suppose the player has a sprint speed of 23 ft/sec. Is there 

any evidence to suggest that the claim (the mean is  
27 ft/sec) is false? Justify your answer.

Extended Applications
6.58 Sports and Leisure People who ride in hot-air balloons 
usually fly just above the treetops at 200–500 ft. In populated 
areas, however, they usually stay at an altitude of at least 1000 ft. 
The amount of flying time possible in a hot-air balloon depends 
on many factors, including the number of propane burners, the 
number of people in the basket, and the weather. Assume the 
time spent aloft is normally distributed, with mean 1.5 hours 

and standard deviation 0.45 hour. Suppose a hot-air balloon 
flight is selected at random.
 (a) What is the probability that the flight time is between  

1 and 2 hours?
 (b) What is the probability that the flight time is more than  

1 hour, 15 minutes?
 (c) Find a value t  such that 10% of all flights last less than  

t  hours.
 (d) Suppose a person offering hot-air balloon rides charges 

$50 for each ride of at least 1 hour, and $1.00 for every 
minute after 1 hour. What proportion of rides costs more 
than $100?

6.59 Sports and Leisure The Daytona 500, often referred 
to as the Great American Race, is a spectacular sporting event, 
complete with an impressive pre-race show. Austin Dillon won 
this race in 2018, when the mean speed per lap for all racers was 
150.545 mph.18 Assume the speed is normally distributed with a 
standard deviation of 16 miles per hour (mph), and a driver and 
a lap are selected at random.
 (a) What is the probability that the speed on this lap is less 

than 135 mph?
 (b) What is the probability that the speed on this lap is 

between 150 and 160 mph?
 (c) The fastest recorded speed at Daytona International 

Speedway is 210.364 mph, achieved in 1987. What is 
the probability that the speed on this lap will set a new 
record?

 (d) What is the probability that the four leaders will all have a 
speed of at least 170 mph on this lap?

6.60 Biology and Environmental Science Crystal Dam on 
the Gunnison River in Colorado is a double-curvature thin-arch 
type. Regulating gates in the powerplant control the total flow 
from the reservoir. Historical data suggest the mean total release 
from the reservoir per day is 1454 cubic feet per second (cfs).19 
Suppose the total release distribution is normal with standard 
deviation 340 cfs, and a random day is selected.
 (a) What is the probability that the total release is between 

1300 and 1600 cfs?
 (b) What is the probability that the total release is less than 

800 cfs?
 (c) Suppose the release is at least 1700 cfs. What is the 

probability that it will be at least 2000 cfs?
 (d) If the release is more than 2100 cfs for three consecutive 

days, then areas near Grizzly Ridge will flood. What is the 
probability of flooding near Grizzly Ridge?

6.61 Economics and Finance A tariff is a border tax paid by 
an importer and collected by customs agents. During the 2018 
G7 summit in Canada, President Donald Trump indicated he 
wanted to eliminate all tariffs. At that time, the World Trade 
Organization (WTO) claimed that the mean tariff for imported 
goods in the United States was 2.4%.20 Suppose the tariff 
distribution is normal with standard deviation 0.6%, and a 
random imported product is selected.
 (a) What is the probability that the tariff is more than 3.5%?
 (b) What is the probability that the tariff is between 2% and 3%?
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 (c) Suppose the tariff on the product is 1.5%. Is there any 
evidence to suggest the claim made by the WTO is false? 
Justify your answer.

6.62 Biology and Environmental Science Many backyard 
gardeners prefer Silver Queen Hybrid corn. This late-season 
variety is very sweet and has tender, white kernels. In some 
locations in the Northeast, gardeners have trouble harvesting 
this variety because of its longer growing time. The temperature 
of the soil should be at least 65�F before planting, and the 
growing time is approximately normal, with mean 92 days and 
standard deviation 5 days.
 (a) What is the probability that a randomly selected seed will 

mature in less than 90 days?
 (b) What is the probability that a randomly selected seed will 

mature in between 95 and 100 days?
 (c) Suppose a row in a backyard garden contains 12 plants. 

What is the probability that four will be ready for dinner 
by the 95th day?

 (d) Find a value h such that 99% of all plants are ready to be 
harvested within h days.

6.63 Manufacturing and Product Development Violin 
bows are made from various woods to accommodate musicians’ 
preferences and demands. Some commonly used woods include 
snakewood, ironwood, hakia, and pernambuco. While the 
bows are carefully handcrafted, they vary slightly in weight. 
Suppose a bowmaker claims the weight of his bows is normally 
distributed, with mean 60 g and standard deviation 3.2 g.
 (a) What is the probability that the weight of a randomly 

selected ironwood bow is between 58 and 62 g?
 (b) Good musicians can detect an unacceptable bow weight—

that is, a weight that differs from the mean by more than 
2 standard deviations. What is the probability that a bow 
weight is unacceptable?

 (c) Any manufactured bow that weighs more than 66 g is 
reworked to decrease the weight. What is the probability 
that a randomly selected ironwood bow will need rework?

 (d) Suppose the weight of a randomly selected bow is 55 g. 
Is there any evidence to suggest the mean weight is less 
than 60 g? Justify your answer.

6.64 Medicine and Clinical Studies Repeated industrial 
tasks often cause work-related muscle disorders. Measurements 
of joint angles (of the shoulder and elbow, for example) required 
to complete a certain task can be used to predict future injuries. 
The shoulder joint angle required to fasten an aluminum door 
frame on an assembly line varies according to the worker’s 
height, arm length, and location. The shoulder joint angle 
for this task is normally distributed, with mean 23.7 degrees 
and standard deviation 1.9 degrees. Suppose an employee is 
randomly selected.
 (a) What is the probability that the shoulder joint angle will be 

between 20 and 25 degrees?
 (b) What is the probability that the joint angle will be less than 

18 degrees?
 (c) If the joint angle is more than 28 degrees, there is a good 

chance the employee will suffer from a muscle disorder. 

What is the probability that the employee will suffer from 
a muscle disorder?

 (d) If the joint angle is between 21.7 and 25.7 degrees, then 
management believes the ergonomics of the task are 
adequate. If five employees are randomly selected, what 
is the probability that four of the five have adequate 
ergonomics?

6.65 Biology and Environmental Science Many lakes are 
carefully monitored for pH concentration, total phosphorus, 
chlorophyll, nitrogen, and total suspended solids. These data are 
used to characterize the condition of the lake and to chart year-
to-year variability. Based on the State of the Lake and Ecosystem 
Indicators Report, the Port Henry region of Lake Champlain 
has a mean total phosphorus concentration of 14 milligrams 
per liter (mg/L).21 Suppose the total phosphorus concentration 
distribution is normal, with standard deviation 5.5 mg/L, and a 
random water sample from Port Henry is obtained.
 (a) What is the probability that the total phosphorus is less 

than 12 mg/L?
 (b) What is the probability that the total phosphorus differs 

from the mean by more than 5 mg/L?
 (c) Suppose the total phosphorus is less than 20 mg/L. What is 

the probability that it is less than 10 mg/L?
 (d) If the total phosphorus measurement is 25 mg/L, is there 

any evidence to suggest the mean has increased?

6.66 Manufacturing and Product Development High-
pressure washers have become popular for cleaning siding, 
decks, and windows. This equipment is available in various 
engine types and horsepower. Suppose the power rating (in 
horsepower, hp) for a residential pressure washer is normally 
distributed, with mean 20 hp and standard deviation σ.
 (a) The probability that a randomly selected power rating is 

within 2.5 hp of the mean is 0.7229. Find the value of σ.
 (b) A leading consumer magazine advised its readers to 

purchase pressure washers with a power rating of 15 hp 
or more. What proportion of pressure washers have this 
rating?

 (c) If the power rating is more than 26.5 hp, the pressure 
washer will crack, or even break, certain windows. What 
is the probability that a pressure washer could break a 
window?

6.67 Physical Sciences Hydroelectric projects are carefully 
monitored, and their energy capability is predicted for several 
years into the future. Suppose the Klamath Hydro Project, 
located on the upper Klamath River in south-central Oregon, 
generates electricity according to a normal distribution. 
The Pacific Northwest Utilities Conference Committee claims 
the mean electricity generated per year is 35 megawatts (MW).
 (a) The probability that the Klamath Hydro Project generates 

less than 34 MW during any randomly selected year is 
0.3540. Find the standard deviation.

 (b) Suppose the years are independent, and the hydro project 
will record a profit in a given year if it is able to generate 
at least 37.8 MW that year. What is the probability that the 
project will record a profit for four consecutive years?
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   (c)   Suppose the electricity generated during a certain year is 
33.5 MW. Is there any evidence to suggest that the claim by 
the Pacific Northwest Utilities Conference Committee is 
false? Justify your answer.     

6.68      Manufacturing and Product Development    Dining-
room chairs come in many different woods, styles, and shapes. 
The height of the seat of a randomly selected oak dining-room 
chair is approximately normal, with mean 85 centimeters (cm) 
and standard deviation 1.88 cm.
    (a)   Find a value   h   such that 99% of all dining-room chairs 

have height less than   h  .  
   (b)   Consumer testing indicates that any chair seat higher than 

90 cm is uncomfortable to use when eating. What is the 
probability that a randomly selected dining-room chair is 
uncomfortable?  

   (c)   Find the first and third quartiles of the dining-room chair 
height distribution.  

   (d)   There is some evidence to suggest that, after five years of 
use, the mean height of these chairs has decreased, due 
to wear, erosion, and humidity. Suppose that after five 
years, the probability that the height is more than 86 cm is 
0.0718. Find the mean height after five years.     

6.69      Biology and Environmental Science    Sand dollars are a 
favorite of serious conchologists (people who collect sea shells). 
They can be found on the beaches of Fort Myers and Sanibel 
Island in Florida. Found on shore, a sand dollar is white, with 
mean diameter 3 in.  22   Suppose the diameter of a sand dollar is 
normally distributed, with standard deviation 0.55 in.
    (a)   Find a value   d   such that 90% of all sand dollars have 

diameter greater than   d  .  
   (b)   Large sand dollars, those with diameter greater than 4 in., 

can be sold to Kelly’s Shell Shack. What is the probability 
that a randomly selected sand dollar can be sold?  

   (c)   Suppose 10 sand dollars are selected at random. What is 
the probability that exactly 7 of the 10 are between 2.5 and 
3.5 in. in diameter?  

   (d)   There is some speculation that environmental hazards 
have reduced the diameter of sand dollars. Suppose a 
randomly selected sand dollar is 2 in. in diameter. Is 
there any evidence to suggest that the mean diameter has 
decreased? Justify your answer.     

6.70      Biology and Environmental Science    One measure of 
air quality is the level of nitrogen dioxide (  NO2  ). This nasty-
smelling gas is formed naturally in the atmosphere, but the 
major source of   NO2   in the atmosphere is due to burning of 
fossil fuels. Although air pollution is becoming worse in many 
parts of the world, Canada has some of the best air quality of 
any country.  23   Suppose the amount of   NO2   in the atmosphere 
in Windsor, Ontario, is a normal random variable with mean 
10 mg/m  3   and standard deviation 2.5 mg/m  3  .  24  
    (a)   What is the probability that a randomly selected day has 

an   NO2   between 7 and 13 mg/m  3  ?  
   (b)   If the   NO2   level is greater than 13 mg/m  3  , then an Air 

Quality Alert is issued. What is the probability that an alert 
will be issued on a randomly selected day?  

   (c)   What is the probability that 5 days out of 7 will have an 
NO2   level less than 6 mg/m  3  ?       

   Challenge Problems  
6.71      Sports and Leisure    The International Tennis 
Federation (ITF) establishes the specifications for tennis balls. 
The diameter of a tennis ball used in any tournament must be 
between 2.5 and 2.625 in. Suppose the diameter of a tennis ball 
is approximately normal, with mean 2.5625 in. and standard 
deviation 0.04 in.
    (a)   What is the probability that a randomly selected tennis 

ball will meet the ITF diameter specifications?  
   (b)   Suppose six tennis balls will be used in a tournament 

game. What is the probability that exactly one will 
not meet the ITF diameter specifications? Assume 
independence.  

   (c)   Suppose two tennis balls are selected at random. What is 
the probability that one will be less than 2.5 in. in diameter 
and one will be greater than 2.63 in. in diameter?     

6.72      Fuel Consumption and Cars    The EPA reports that 
the miles per gallon (mpg) for a 2018 Dodge Challenger 
under controlled conditions is a normal random variable   X   , 
with mean   µ   and standard deviation   σ  . Suppose independent 
tests have shown that for a randomly selected Challenger, 
the probability that the mpg is less than 14.5 is 0.025, and the 
probability that the mpg is greater than 23.5 is 0.10. Find the 
mean   µ   and the standard deviation   σ  .      

  6.3     Checking the Normality Assumption  

       Four Methods  
 Almost every inferential statistics procedure requires certain assumptions—for example, 
that observations are selected independently or that variances are equal (for analysis of 
variance). And many statistical techniques are valid only if the observations are from a 
normal distribution. If an inference procedure requires normality, and the population 
distribution is not normal, then the conclusions are worthless. Therefore, it seems rea-
sonable to be able to perform some kind of check for normality, to make sure there is no 
evidence to refute this assumption. 
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 Until now, we have been using the normal distribution as a model for describing the 
variability of a random variable   X  , and we have been assuming that we know the values 
of the population mean   µ   and the population variance   2σ   . If those values are not known, 
the sample mean   x    and the sample standard deviation   s    can be used as estimates of the 
unknown parameters   µ   and   σ   . However, we still cannot be sure that the normal distri-
bution is an appropriate model to describe a particular set of observations. We need a 
way to check whether a set of observations does seem to come from a population with 
a normal distribution. We can use four different methods to look for any evidence of 
non-normality. Three of them rely on techniques that we have seen before; the fourth one 
is a new method. 

 Given a set of observations,   , , , . . . ,1 2 3x x x xn  , the following four methods may be used 
to check for any evidence of non-normality, such as a distribution that is not bell-shaped, 
a skewed distribution, or a distribution with heavy tails. 

   (1)   Graphs 
 Construct a histogram, a stem-and-leaf plot, and/or a dot plot. Examine the shape of the 
distribution for any indications that the distribution is not bell-shaped. In a random sam-
ple, the distribution of the sample should be similar to the distribution of the population.  

  (2)   Backward Empirical Rule 
 To use the Empirical Rule to test for normality, find the mean, the standard deviation, 
and the three symmetric intervals about the mean   ( , )x ks x ks− +   ,   1, 2, 3k =   . Compute 
the actual proportion of observations in each interval. If the actual proportions are close 
to 0.68, 0.95, and 0.997, then normality seems reasonable. Otherwise, there is evidence to 
suggest that the shape of the distribution is not normal.  

  (3)   IQR/s 
 Find the interquartile range IQR and standard deviation   s    for the sample, and compute 
the ratio   IQR/s  . If the data are approximately normal, then   IQR/ 1.3s ≈   . 
   Here is some justification for this ratio. Consider a standard normal random variable, 
  Z    (  0µ =   ,   1σ =   ). The first quartile for  Z  is   0.6745−    and the third quartile is 0.6745. The 
interquartile range divided by the standard deviation is   [0.6745 ( 0.6745)]/1 1.349− − =   . 
In a random sample, the interquartile range should be close to the population inter-
quartile range, and the standard deviation should be close to the population stan-
dard deviation. Any normal distribution can be standardized, or compared to  Z , so 
  IQR/ 1.3s ≈   .  

  (4)   Normal Probability Plot  
 A normal probability plot is a scatter plot of each observation versus its correspond-
ing standardized normal score. For a normal distribution, the points will fall close to a 
straight line.    

       Normal Probability Plot    

   How to Construct a Normal Probability Plot  
 Suppose   , , . . . ,1 2x x xn   is a set of observations. 
   1.   Order the observations from smallest to largest, and let   …x x x n, , ,(1) (2) ( )   represent 

the set of ordered observations.  
  2.   Find the standardized normal scores for a sample of size   n   in Appendix  Table 4 , 

  , , . . . ,1 2z z zn  .  
  3.   Plot the ordered pairs   ( , )( )z xi i   .     

Z ≤− =P( 0.6745) 0.25, and 
   Z ≤ =P( 0.6745) 0.75   

 The standardized normal scores 
are expected values. For example, 
in repeated samples of size   n    from 
the   Z    distribution, on average the 
smallest value is   1z   , on average 
the next largest value is   2z   , . . . , on 
average the largest value is   zn  . 

Scatter plot.  RAPID 
REVIEW 
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280 C H A P T E R  6 Continuous Probability Distributions

If the scatter plot is nonlinear, there is evidence to suggest the data did not come from 
a normal distribution. Most statistical software (for example, R, Minitab, and the TI-84 
Plus CE) automatically computes the expected Z  values. Appendix Table 4 provides stan-
dardized normal scores for some values of n.

Figures 6.51–6.54 are examples of normal probability plots.

Most of the standardized normal 
scores are always between 2.0−  and 

2.0+ , because approximately 95% of 
all observations lie within 2 standard 
deviations of the mean.

Figure 6.51 A normal probability plot. The points 
lie along an approximate straight line. There is no 
evidence of non-normality.
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Figure 6.52 A normal probability plot. The curved 
graph suggests that the distribution is not normal 
and is skewed.
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Figure 6.53 A normal probability plot. The plot 
suggests that the distribution is not normal and 
that the data set contains an outlier.
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Figure 6.54 A normal probability plot. The plot 
suggests that the distribution is not normal and 
has heavy tails.

The data axis can be horizontal or vertical. To use a horizontal data axis, plot the 
points ( , )( )x zi i . Figure 6.55 shows a normal probability plot with the data plotted on the 
vertical axis, and Figure 6.56 shows a normal probability plot (using the same data and 
standardized normal scores) with the data plotted on the horizontal axis.

Figure 6.55 A normal probability plot with the 
data plotted on the vertical axis.

x

z
−2 −1 0 1 2

80

60

40

20

0
0 20 40 60 80

1

2

0

−1

−2

z

x

Figure 6.56 A normal probability plot with the 
data plotted on the horizontal axis.

Interpretation of a normal probability plot is very subjective. Even if the axes are 
reversed, we are still looking for the points to lie along, or close to, a straight line.
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 All four methods can be used to check the normality assumption, and any one (or  several) 
may suggest the data did not come from a normal distribution. Because we are searching for 
evidence of non-normality, even if we fail to reject the normality assumption in each test, we 
still cannot say with absolute certainty that the data came from a normal distribution.  

       Examples  

 EXAMPLE   6.8      Arctic Ice Extent     
   Weather data from the Arctic can help scientists construct better climate mod-
els.  However, the harsh environment makes it difficult to collect information. 
Recently, automated aircraft and instrument-bearing tethered balloons have been 

used to gather data in regions that are difficult for scientists to reach. A random sample 
of spring days was selected and the sea ice extent (  106×    km  2  ) was recorded for each. The 
20 observations are given in the table. 

 13.1  13.3  14.2  11.7  12.9  12.0  13.3  14.3  10.7  12.2 
 11.3  13.5  15.1  13.5  13.8  13.5  11.7  12.8  14.6  12.7 

 Is there any evidence to suggest that this distribution is not normally distributed? 

   Solution  
    STEP 1   Figure 6.57   shows a frequency histogram for these data. There are no obvious out-

liers, and the distribution seems approximately normal.

 EXAMPLE   6.8      EXAMPLE   6.8     

     Figure   6.57     Frequency histogram for the ice 
extent data.  
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      STEP 2  The sample mean and the sample standard deviation are   13.01x =    and   1.15s =   , 
respectively. The following table lists three symmetric intervals about the mean, 
the number of observations in each interval, and the proportion of observations 
in each interval (recall that   n = 20  ).

 
EG6.8

 Interval  Frequency  Proportion 

   − +( , )x s x s        =       (11.86, 14.16)    12  0.60 

   − +( 2 , 2 )x s x s        =       (10.71, 15.31)    19  0.95 

   − +( 3 , 3 )x s x s        =       ( 9.56, 16.46)    20  1.00 

 The actual proportions are close to those given by the Empirical Rule (0.68, 0.95, 
and 0.997).  

  STEP 3  The quartiles are   Q = 12.11   ,   Q = 13.653   .
   = − =IQR/ (13.65 12.1)/1.15 1.3508s    
 This ratio is close to 1.3.  

    NOAA/National Oceanic and Atmospheric 
Administration/ Department of Commerce  
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282 C H A P T E R  6 Continuous Probability Distributions

   TRY IT NOW       Go to Exercises 6.87  and  6.89     

 EXAMPLE   6.9      Chemotherapy Protocol  
 A certain protocol for chemotherapy states that the total dose for patients younger 
than age 12 is no greater than 450 mg/m  2   within six months. A random sample of 
30 patients undergoing this form of chemotherapy was obtained, and their medical 

records were examined to determine the total dose of the drug over the past six months. The 
data are given in the table. 

 350  351  352  353  354  358  361  364  371  376 
 377  378  387  396  399  402  406  408  412  424 
 427  430  432  437  440  441  443  446  447  449 

 Is there any evidence to suggest the distribution of the six-month total dosage is not nor-
mally distributed? 

 EXAMPLE   6.9      EXAMPLE   6.9     

  STEP 4  The following table lists each observation, along with the corresponding normal 
score from Appendix  Table 4 .

     Figure   6.58     Normal probability plot for the sea 
extent data.  
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     Figure   6.59     Normal probability plot using R.  
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 The histogram, backward Empirical Rule,   sIQR/   , and normal probability plot 
show no significant evidence of non-normality. Remember, however, that this 
decision is subjective. ◾

 
EG6.9

 Observation  Normal score  Observation  Normal score 
 10.7 −1.87  13.3  0.06 
 11.3 −1.40  13.3  0.19 
 11.7 −1.13  13.5  0.31 
 11.7 −0.92  13.5  0.45 
 12.0 −0.74  13.5  0.59 
 12.2 −0.59  13.8  0.74 
 12.7 −0.45  14.2  0.92 
 12.8 −0.31  14.3  1.13 
 12.9 −0.19  14.6  1.40 
 13.1 −0.06  15.1  1.87 

 Plot these points to obtain the normal probability plot, as shown in  Figure 6.58  . 
Figure 6.59   shows a technology solution. The points lie along an approximately 
straight line.     
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Solution
STEP 1 Figure 6.60 shows a frequency histogram for these data. Although the graph 

appears symmetric, it is not bell-shaped. Most of the data are concentrated in the 
tails of the distribution. This suggests the data are not from a normal distribution.

Figure 6.60 Frequency 
histogram for the cumulative 
chemotherapy dose data.
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STEP 2 The sample mean is x = 399.03 and the sample standard deviation is s = 34.94. 
The table lists three symmetric intervals about the mean, the number of observa-
tions in each interval, and the proportion of observations in each interval (com-
puted using n = 30).

Interval Frequency Proportion

x s x s− +( , )  = (364.09, 433.97) 15 0.50

x s x s− +( 2 , 2 ) = (329.15, 468.91) 30 1.00

x s x s− +( 3 , 3 ) = (294.21, 503.85) 30 1.00

The first two proportions (0.50 and 1.00) are significantly different from those 
given by the Empirical Rule (0.68 and 0.95). This suggests the population of total 
chemotherapy doses is not normal.

STEP 3 The quartiles are Q = 364.001  and Q = 432.003 .
= − =IQR/ (432.00 364.00)/34.94 1.9463s

This ratio is significantly different from 1.3, so there is more evidence to suggest 
the underlying population is not normal.

STEP 4 The following table lists each observation, along with the corresponding nor-
mal score.

Normal Normal Normal
Observation score Observation score Observation score

350 2.04− 377 0.38− 427 0.47
351 1.61− 378 0.29− 430 0.57
352 1.36− 387 0.21− 432 0.67
353 1.18− 396 0.12− 437 0.78
354 1.02− 399 0.04− 440 0.89
358 0.89− 402 0.04 441 1.02
361 0.78− 406 0.12 443 1.18
364 0.67− 408 0.21 446 1.36
371 0.57− 412 0.29 447 1.61
376 0.47− 424 0.38 449 2.04

The normal probability plot is shown in Figure 6.61. The points do not lie along a 
straight line. Each tail is flat, which makes the graph look S-shaped. This  suggests that 
the underlying population is not normal. Figure 6.62 shows a technology solution.
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284 C H A P T E R  6 Continuous Probability Distributions

 The histogram, backward Empirical Rule,   sIQR/   , and the normal probability plot 
all suggest that this sample did not come from a normal population. ◾

   TRY IT NOW       Go to Exercise 6.93      
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     Figure   6.61     Normal probability plot for the 
cumulative chemotherapy dose data.  

     Figure   6.62     Normal probability plot using R.  
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   Concept Check  
6.73      Short Answer    Name four methods to search for 
evidence of non-normality.  

6.74      True or False    In a normal probability plot, the data axis 
can be horizontal or vertical.  

6.75      True or False    For data from a normal distribution, the 
points in the corresponding normal probability plot will fall 
close to a straight line or a bell-shaped curve.  

   6.76      True or False    Most standardized normal scores are 
between   2.0−    and   2.0+   .  

6.77      True or False    In a random sample, the distribution 
of the sample should be similar to the distribution of the 
population.  

6.78      Fill in the Blank    For data from a normal distribution, 
  s ≈IQR/     .  

   6.79      Short Answer    Explain a method to approximate the 
normal scores for   n = 25  .    

   Practice  
6.80     Consider the following 20 observations.

 15.4  13.9  14.9  16.2  16.6  15.4  17.2  18.5 
 19.3  13.0  16.5  20.2  16.4  15.3  18.5  17.9 
 15.5  17.4  16.3  14.3 

 Construct a normal probability plot. Is there any evidence to 
suggest the data are from a non-normal population? Justify 
your answer.  

6.81     Consider the following 20 observations.

 52.0  52.1  58.8  88.0  49.9  18.7  43.1  47.6 
 90.0  49.8  54.8  35.1  56.1  53.2  76.5  45.4 
 34.1  19.5  58.7  25.7 

 Construct a normal probability plot. Is there any evidence to 
suggest the data are from a non-normal population? Justify 
your answer.  

6.82     Examine each normal probability plot. Is there any 
evidence to suggest the data are from a non-normal population? 
Justify your answer.

    (a) 

   (b)
 EX6.80

 EX6.81
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   Concept Check  

    Section      6.3     Exercises  
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 (c) 

 (d) 

6.83 Use the four methods presented in this section to determine 
whether there is any evidence to suggest the data are from a non-
normal population.

6.84 Consider the data in the table.

5.32 9.87 11.25 10.94 5.58
6.29 7.47 10.75 6.22 8.00

Use the four methods presented in this section to determine 
whether there is any evidence to suggest the data are from a 
non-normal population.

Applications
6.85 Public Health and Nutrition All across the United States, 
there are abandoned factories that were once used to melt lead. 
The total soil lead concentration is a health concern in these areas, 
and the EPA suggests that a total concentration greater than 400 
parts per million (ppm) can be harmful to children playing there.25 
Hedley Street near the Delaware River in Philadelphia is the site 
of two old lead factories. Suppose samples of soil around homes 
in the area were obtained and the lead level in each was carefully 
measured (in ppm). The data are given in the table.

2223 641 1275 1796 802 691 1716 1340
1504 1006 778 1476 914 1108 1704 2106
1069 1398 1680 1705 2376 1577 1601 2201
1809 1847 1721 1069 1157 2110

 (a) Construct a normal probability plot for these data. Is 
there any evidence to suggest non-normality?

 (b) Use the backward Empirical Rule to check for evidence 
of non-normality.

6.86 Education and Child Development Some people 
claim children who practice yoga are more physically fit, 
self-confident, and self-aware. A random sample of pre-teens 
(ages 10–12) practicing yoga was obtained and their meditation 
(or quiet breathing) times (in minutes) per day were recorded. 
Use the four methods presented in this section to determine 

whether there is any evidence to suggest the data are from a 
non-normal population.

6.87 Sports and Leisure Many NBA players express 
themselves on the court through their sneakers. High school 
basketball players often insist on wearing the same expensive 
sneakers worn by their favorite player. A random sample 
of sneakers worn by Notre Dame Prep (in Massachusetts) 
basketball players was obtained, and the retail price (in dollars) 
for each pair of sneakers is given in the table.

96.70 112.05 120.70 106.40 86.60
126.40 134.75 76.75 142.20 116.70

Use the four methods presented in this section to determine 
whether there is any evidence to suggest the data are from a 
non-normal population.

6.88 Public Policy and Political Science Bicycle paths are 
usually planned and constructed according to certain guidelines 
(for example, the American Association of State Highway 
and Transportation Officials guidelines for construction). 
There are construction standards for width, offset from the 
road, maximum grade, and horizontal and vertical clearances. 
A random sample of bicycle-path widths (in feet) was obtained.
 (a) Find the sample mean and the sample standard deviation 

for these data.

 (b) Find the intervals ( , )x s x s− + , ( 2 , 2 )x s x s− + , and 
( 3 , 3 )x s x s− + .

 (c) Find the proportion of observations in each interval in 
part (b). Is there any evidence to suggest the data are from 
a non-normal population?

6.89 Biology and Environmental Science A New York City 
antipollution law prohibits commercial drivers from leaving 
their engines running while parked at a curb for more than 
three minutes, or more than one minute in a school zone. 
A citizen who notices a commercial vehicle idling for a long 
period of time may file a complaint with the city’s Department 
of Environmental Protection. If a summons is issued, the 
reward is 25% of the fine.26 A random sample of idling times 
(in minutes) that resulted in fines was obtained. Use the 
methods presented in this section to determine whether 
there is any evidence to suggest the data are from a non-
normal population.

6.90 Sports and Leisure A typical round of golf takes 
approximately 3.5 hours (walking, without an electric cart). 
Many weekend golfers take more time as a result of lost 
golf balls, thinking about certain shots, and talking to other 
players. The manager at the Westchester Golf Course in Los 
Angeles, California, obtained a random sample of round times 
(in hours), and the data are given in the table.

3.86 4.36 4.66 4.92 4.09 4.40 4.15 4.30
4.45 3.83 4.23 4.42 4.34 4.28 4.56 4.63
4.24 4.34 4.33 3.73

 (a) Construct a stem-and-leaf plot for these data.
 (b) Compute the ratio sIQR/ .
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286 C H A P T E R  6 Continuous Probability Distributions

   (c)   Construct a normal probability plot for these data.  
   (d)   Is there any evidence to suggest these data are from a non-

normal population? Justify your answer.     

6.91      Marketing and Consumer Behavior    The predominant 
acid in frozen concentrated orange juice (FCOJ) is citric acid, 
and the amount is usually given as a percentage. Degrees Brix 
is a measure of the total soluble solids in FCOJ and is also a 
percentage. The Brix/acid ratio is computed by simple division, 
and 12 is considered an ideal ratio. A random sample of FCOJ 
was obtained from different sellers, and the Brix/acid ratio was 
measured for each. These measurements were used to construct 
the normal probability plot.        

 Does this plot suggest the data are from a non-normal 
distribution? Justify your answer.  

6.92      Biology and Environmental Science    There are 
approximately 1500 black bears in Great Smoky Mountains 
National Park. Park visitors are warned that these animals are 
dangerous and unpredictable, and that it is illegal to disturb or 
displace a black bear.  27   To track and protect these animals, suppose 
a random sample of male black bears was obtained and the weight 
of each (in pounds) was recorded. Use the four methods presented 
in this section to determine whether there is any evidence to 
suggest the data are from a non-normal population.  

   6.93      Travel and Transportation    The Calgary Airport Tunnel 
is 620 meters long, goes under one runway and three taxiways, 
and accommodates approximately 13,000 vehicles each day.  28   
A random sample of cars traveling through the tunnel was 
obtained and the time (in seconds) to drive through the tunnel 
was recorded for each. Use the four methods presented in this 
section to determine whether there is any evidence to suggest 
the data are from a non-normal population.  

6.94      Biology and Environmental Science    Hawaii was 
the first state to ban suncreens that contain oxybenzone 
and octinoxate. These two chemicals are believed to be 
harmful to marine life, including algae, sea urchins, fish, and 
especially coral reefs. Increased oxybenzone concentrations 
due to swimmers using sunscreen near coral reefs may cause 
significant environmental damage.  29   Random water samples 
near Hawaiian coral reefs were obtained and the oxybenzene 
concentration (in parts per trillion) was measured in each. 
Use the four methods presented in this section to determine 
whether there is any evidence to suggest the data are from a 
non-normal population.    

   Challenge Problems  
6.95      Normal Scores    Generate 500 random samples of 
size 10 from a standard normal distribution. Order each 
sample from smallest to largest. Find   (1)x   , the sample mean 
of the 500 smallest values from each sample. Consider the 
next largest value in each sample. Find   (2)x   , the sample 
mean of these 500 values. Continue in this manner to 
find   , , . . . ,(3) (4)x x    and   (10)x   , the mean of the 500 largest 
values from each sample. Compare these 10 sample means, 

, , . . . ,(1) (2) (10)x x x   , with the standardized normal scores for 
n = 10   in Appendix  Table 4 .

 Try a similar procedure for   n = 20  . Generate 500 random 
samples of size 20 from a standard normal distribution. Order 
each sample from smallest to largest. Find   , , . . . ,(1) (2) (20)x x x    
and compare these values with the standardized normal scores 
for   n = 20   in Appendix  Table 4 . 

 Explain why these sample means should be good estimates of 
the standardized normal scores. 

 Generate 500 random observations from a normal distribution 
with mean 50 and standard deviation 10. Arrange the 
observations in order from smallest to largest and denote this 
ordered list   , , . . . ,(1) (2) (500)x x x   . 

 Form the ordered pairs   ( , 1/500), ( , 2/500), . . . ,(1) (2)x x    
  ( , /500), . . . , ( , 1)( ) (500)x i xi   . Plot these points in a rectangular 
coordinate system and describe the shape of the graph. Which 
curve does this graph approximate? Why?      
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  6.4     The Exponential Distribution  

       The Probability Density Function  
 There are many other common continuous distributions, such as the   t   distribution, chi-
square distribution, and   F    distribution. We will learn a little about each of these distribu-
tions in  Chapter 8  and  Chapter 9  as we study confidence intervals and hypothesis tests. 
This section presents the exponential distribution, which is related to several continu-
ous distributions. Remember that probability in a continuous world is the area under 
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 6.4 The Exponential Distribution  287

the curve, and if necessary, try to convert any probability statement into an equivalent 
expression involving cumulative probability. 

 The    exponential probability distribution    is often used to model the time to failure 
of an electronic part, or the waiting time between events. This distribution is completely 
characterized by one parameter,   λ  . 

   The Exponential Probability Distribution  
 Suppose   X    is an exponential random variable with parameter   λ   (with   λ > 0  ). 
The probability density function is given by 

    
λ

=
≥






λ−

( )
if 0

0 otherwise
f x

e xx
   (6.9)    

       Cumulative Probability  
 Probabilities associated with an exponential random variable with parameter   λ   are 
computed using cumulative probability. We do not need a table for these calculations! 
Figure 6.65   illustrates cumulative probability associated with an exponential random 
variable. Remember: There is no area (or probability) for   x < 0  .   

 1.   The symbol   e    in  Equation 6.9  is the base of the natural logarithm (  2.71828e ≈   ). 
The constant   e   is also used in the Poisson distribution and the normal distribution.  

   2.   If the exponential distribution is used to model the lifetime of a light bulb, a machine, 
or even a human being, then   λ   represents the failure rate.  

   3.   The exponential distribution has positive probability only for   0x ≥   .  Figure 6.63   and 
 Figure 6.64   show the graphs of a general probability density function for an exponen-
tial random variable and a probability density function with   λ = 2  .      

 Notice that   λ=( )f x    when   = 0x   , 
because   = 10e   . 

ƒ(x)

0

1

2

1 2 3 4
x

     Figure   6.64     A graph of the probability density 
function for an exponential random variable 
with   λ = 2  .  

ƒ(x)

0

λ

x

     Figure   6.63     A graph of the probability density 
function for an exponential random variable 
with parameter   λ  .  

 4.  The mean and variance for an exponential random variable   X    with parameter   λ   are

X µ
λ

σ
λ

= = =E( ) 1 12
2    (6.10)     

   A CLOSER LOOK  

Exponents.  RAPID 
REVIEW 
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 The formula for cumulative probability is given by 

≤ =
<

− ≥






λ−

P( )
0 if 0

1 if 0
X x

x

e xx    (6.11) 

 If   0x ≥   , the probability that   X    assumes a value greater than   x   is a right-tail probability, 
and is given by 

X x X x e e ex x x> = − ≤ = − − = − + =λ λ λ− − −P( ) 1 P( ) 1 (1 ) 1 1    (6.12) 

 The following example illustrates the use of cumulative probability and the formula for 
right-tail probability to find probabilities associated with an exponential random variable.  

       Example  

      EXAMPLE   6.10      Relief from the Common Cold  
 Some pharmacists recommend Zicam to relieve many symptoms due to the common cold. 
After the prescribed dose is taken, suppose the length of time (in hours) until symptoms 
return is a random variable   X    that has an exponential distribution with parameter   λ = 0.1  . 
    (a)   Carefully sketch a graph of the probability density function for   X   . Find the mean, 

variance, and standard deviation of   X   .  
   (b)   What is the probability that the length of time until symptoms return is less than the 

mean?  
   (c)   What is the probability that the length of time until symptoms return is at least 12 hours?  
   (d)   What is the probability that the length of time until symptoms return is between 8 and 

16 hours?   

   Solution  

    (a)  Use  Equation 6.9  to sketch the graph ( Figure 6.66  ) and  Equation 6.10  to compute the 
mean, variance, and standard deviation.  

0

0.05

0.10

5 10 15

ƒ(x)

x

0

ƒ(x)

P(X ≤ x)

x

λ

     Figure   6.65     A graph of the probability 
density function for an exponential random 
variable. The shaded area corresponds to 
  P( )X x≤   .  

     Figure   6.66     A graph of the probability 
density function for an exponential 
random variable with   λ = 0.1  .  

      EXAMPLE   6.10           EXAMPLE   6.10     
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µ
λ

= = =
1 1

0.1
10

σ
λ

σ σ= = = = = =
1 1

0.1
100 100 102

2 2
2

 (b) The length of time until symptoms return is modeled by an exponential random 
variable λ =( 0.1). The mean is 10. Translate the question into a probability state-
ment, and use cumulative probability where appropriate.

( )<

= −

= −
= − =

−

−

P 10

1

1
1 0.3679 0.6321

0.1(10)

1

X

e

e

The probability that the length of time until symptoms return is less than the mean is 
0.6321. Figure 6.67 illustrates this probability.

Figure 6.67 The shaded region represents the 
probability that the symptoms return in less 
than 10 hours.

P(X < 10) = 0.6321

0

0.05

0.10

5 10 15

ƒ(x)

x

 (c) Translate the question into a probability statement, and use cumulative probability 
where appropriate. At least 12 hours means 12 hours or more.

≥

=

= =

−

−

P( 12)

0.3012

0.1(12)

1.2

X

e

e

The probability that it will take at least 12 hours for symptoms to return is 0.3012.
 (d) Translate the question into a probability statement, and use cumulative probability 

where appropriate.

X
X P X

e e

( )
≤ ≤

= ≤ − <

= − − −
= − =

− −

P(8 16)
P( 16) 8

[1 ] [1 ]
0.7981 0.5507 0.2474

0.1(16) 0.1(8)

The probability that the symptoms will return in between 8 and 16 hours is 0.2474. 
Figures 6.68 and 6.69 show technology solutions.

Translation to a probability statement.

Use cumulative probability.

Formula for cumulative probability.

Simplify

Translation to a probability statement.

Use the formula for cumulative probability.

Simplify.

Translation to a probability statement.

Use the formula for right-tail probability.

Simplify.
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290 C H A P T E R  6 Continuous Probability Distributions

   TRY IT NOW      Go to Exercises 6.105  and  6.107      

       Memoryless Property  

 EXAMPLE   6.11      Tile Roof Lifetime       
 Tile roofs are very popular in Florida. These roofs are stylish; have low long-term costs; 
can withstand rain, hail, and high winds; and last, on average, 20 years. The lifetime (in 
years) of a tile roof can be modeled by an exponential random variable   X    with   0.05λ =   . 
Suppose a tile roof is selected at random. 
    (a)   What is the probability that the tile roof will last for at least eight years?  
   (b)   Suppose the tile roof lasts for eight years. What is the probability that it will last for at 

least another eight years?   

   Solution  

    (a)  Translate the question into a probability statement. Use cumulative probability or right-
tail probability where appropriate. At least eight years means eight years or longer.

   
≥

= =−

( 8)

0.67030.05(8)

P X

e
    

   (b)  Since we are given that the tile roof lasts for eight years, this is a conditional proba-
bility question. Write the events in terms of   X  , and use the definition of conditional 
probability and cumulative or right-tail probability where appropriate.

   

( )
( )

( )

≥ + ≥

=
≥ ∩ ≥

≥

=
≥
≥

= =

=

−

−

P( 8 8 | 8)
P[( 16) 8 ]

P 8
P(  16)
P 8

0.4493
0.6703

0.6703

0.05(16)

0.05(8)

X X
X X

X
X
X

e
e

   

          This conditional probability of lasting an additional eight years is the same as the 
unconditional probability of lasting the initial eight years. According to this model, the 
fact that the tile roof has lasted eight years does not affect the probability of it lasting an 

 EXAMPLE   6.11      EXAMPLE   6.11     

Translation to a probability statement.

Right-tail probability.

Translation to a probability statement.

Definition of conditional probability.

Right-tail probabilities.

16 8 16 .( ) ( ) ( )X X X≥ ∩ ≥ = ≥

       Figure   6.68       X <P( 10)  : Use cumulative probability. 
  P( 12)X ≥   : Use the option to compute right-tail 
probability.  

> # Part (b)
> p <- pexp(10,0.1)
> round(cbind(p),4)

 p
[1,] 0.3012

p
[1,] 0.6321
>
> # Part (c)
> p <- pexp(12,0.1,lower.tail=FALSE)
> round(cbind(p),4)

       Figure   6.69       P(8 16)X≤ ≤   : Compute 
each cumulative probability and 
subtract.      

> # Part (d)
> a <- pexp(16,0.1)
> b <- pexp(8,0.1)
> p <- a-b
> round(cbind(a,b,p),4)

a b p
[1,] 0.7981 0.5507 0.2474

◾

    Kent Weakley/Shutterstock  
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additional eight years. This unrealistic result is called the memoryless property of an 
exponential random variable. At any point in time, the exponential random variable 
forgets or ignores what happened earlier: “The future is independent of the past.” ◾

   TRY IT NOW       Go to Exercises 6.109  and  6.113      

   Concept Check  
6.96      True or False    For any exponential random variable, the 
mean is equal to the standard deviation.  

6.97      True or False    An exponential random variable can take 
on only values greater than or equal to 0.  

   6.98      Short Answer    Suppose   X    is an exponential random 
variable with parameter   λ  .
    (a)     ≤ =P( )X x     
   (b)     > =P( )X x        

   6.99      Short Answer    Give two examples of populations that an 
exponential distribution might be used to model.    

   Practice  
    6.100     Suppose   X   is an exponential random variable with   0.2λ =   .
    (a)   Carefully sketch a graph of the density curve for   X  .  
   (b)   Find the mean, variance, and standard deviation of   X  .  
   (c)   Find   XP( 3)<   .  
   (d)   Find   XP(1 9)< <   .     

   6.101     Suppose   X   is an exponential random variable with   0.25λ =   .
    (a)   Carefully sketch a graph of the density curve for   X   .  
   (b)   Find   P(0.01 0.05)X≤ ≤   .  
   (c)   Find   XP( 0.06)>   .     

   6.102     Suppose   X    is an exponential random variable with 
  0.025λ =   .
    (a)   Find   XP( 30)>    and illustrate this probability using an 

appropriate density curve.  
   (b)   Find   XP( 20)>   .  
   (c)   Find   X XP( 50| 30)> ≥   .     

   6.103     Suppose   X    is an exponential random variable and 
  XP( 20) 0.7981≤ =   . Find the value of   λ  .  

   6.104     Suppose   Xi   , for   i 1, 2, 3, 4=   , is an exponential random 
variable with   i /10λ =   . If the   Xi   ’s are independent, find the 
probability that the values of all four random variables are less 
than 1.    

   Applications  
    6.105      Public Health and Nutrition    Heavy cream is used in 
pasta sauce, soup, and biscuits and is whipped into a topping for 
cakes and pies. According to food experts, heavy cream holds up 
in the freezer, on average, for approximately 3 months. Suppose 
the distribution of time (in months) until a random carton 

of heavy cream stored in the freezer spoils is an exponential 
random variable with   0.325λ =   , and a random container of 
heavy cream stored in the freezer is selected at random.
    (a)   Find the probability that the heavy cream spoils in less 

than 4 months.  
   (b)   Find the probability that the heavy cream spoils in 

between 2 and 3 months.  
   (c)   If the heavy cream has been in the freezer for more than 

5 months, most chefs will assume it has spoiled. What is 
the probability that the cream is still good?     

6.106      Fuel Consumption and Cars    The purpose of an 
automobile’s timing belt is to provide a connection between the 
camshaft and the crankshaft. This allows the valves to open and 
close in sync with the pistons. Suppose the lifetime of a timing 
belt (in miles, mi) can be modeled by an exponential random 
variable with mean 100,000 mi.
    (a)   Find the value of   λ  .  
   (b)   Find the probability that a randomly selected timing belt 

lasts for more than 120,000 mi.  
   (c)   Find the probability that a randomly selected timing belt 

lasts for between 75,000 and 125,000 mi.  
   (d)   If the timing belt on a new car breaks within 70,000 mi, 

the dealer will install a new belt free of charge. What is the 
probability the dealer will be forced to install a new timing 
belt free of charge on a randomly selected car?     

6.107      Business and Management    Suppose the dentists at 
You Can’t Handle the Tooth in Nashua, New Hampshire, never 
see a patient on time. The amount of time (in minutes) past 
the appointment time that a random patient must wait to see a 
dentist has an exponential distribution with   0.01λ =   . Suppose 
a patient is selected at random, and the appointment time has 
passed.
    (a)   What is the probability that the dentist will see the patient 

within 5 minutes after the appointment time?  
   (b)   Find the probability that the dentist will see the patient 

between 10 and 20 minutes after the appointment time.  
   (c)   Find the probability that the patient will have to wait at 

least 30 minutes past the appointment time.     

6.108      Psychology and Human Behavior    In Columbia, 
South Carolina, on a randomly selected Friday night between 
9:00 p.m. and 2:00 a.m., the time (in minutes) between calls to a 
911 dispatcher has an exponential distribution with   0.125λ =   . 
Suppose a Friday evening in Columbia is selected at random.
    (a)   If a 911 call comes in at 10:07 p.m., what is the probability 

that the next call will occur before 10:30 p.m.?  

   Concept Check  

    Section      6.4     Exercises  

Section 6.4 Exercises  291
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292 C H A P T E R  6 Continuous Probability Distributions

 (b) If a 911 call comes in at 11:30 p.m., what is the probability 
that the next call will occur after 11:45 p.m.?

 (c) Find the mean, variance, and standard deviation for the 
time between 911 calls.

 (d) Find a value t  such that if a 911 call is received between 
9:00 p.m. and 2:00 a.m., then the probability that the next 
911 call will occur more than t  minutes later is 0.75.

6.109 Public Policy and Political Science During the Cold 
War, there were frequent radio tests of alert warnings. The 
regular program was interrupted and replaced by a long high-
pitched signal. An announcer would break in with a message 
similar to “This has been a test of the emergency broadcasting 
system.” Suppose the time (in hours) between these tests had an 
exponential distribution with mean 24 hours.
 (a) If a test occurred at 6:00 a.m., what is the probability that 

another one would occur before 6:00 p.m.?
 (b) If a test occurred at 10:00 p.m., what is the probability that 

another one would not occur until after 6:00 a.m.?
 (c) If a test occurred at 9:00 a.m., what is the probability that the 

next test would occur between 12:00 p.m. and 1:00 p.m.?

6.110 Manufacturing and Product Development L.L. Bean  
recently changed its lifetime product guarantee to allow 
customers to return purchases for only one year from the date 
of purchase, with a receipt. Some customers had been taking 
advantage of the lifetime guarantee and were returning heavily 
worn products many years, and even decades, after purchase.30 
L.L. Bean outdoor gear is designed to be durable and long lasting, 
and the Bean Boot is one of the company’s signature products. 
Suppose the lifetime (in years) of a Bean Boot can be modeled by 
an exponential random variable X with parameter λ.
 (a) Suppose XP( > 5) 0.05= . Find the value of λ.
 (b) Find the probability that a randomly selected Bean Boot 

will wear out in less than 1 year.
 (c) Suppose a family of four avid hikers all get Bean Boots. 

What is the probability that all four pairs of boots will last 
at least three years?

 (d) Find the probability that a randomly selected Bean Boot 
lasts for at least a decade.

Extended Applications
6.111 Public Health and Nutrition The U.S. Public Health 
Service’s Advisory Committee on Immunization Practices 
recommends a tetanus booster every 10 years. Suppose the 
lifetime (in years) of a tetanus booster shot has an exponential 
distribution with 0.05λ = .
 (a) Find the probability that a randomly selected tetanus 

booster shot is still protecting against tetanus after more 
than 10 years.

 (b) Suppose a physician recommends a booster shot after a 
period when only 10% of all tetanus shots still have an 
effect. How long should you wait before getting another 
booster shot?

 (c) Suppose two people independently receive tetanus shots. 
What is the probability that both shots still have an effect 
after more than five years?

6.112 Medicine and Clinical Studies A patient’s blood 
cholesterol level is often checked during a routine physical 

examination. A blood sample is taken (from the finger or 
arm) and tested for total cholesterol and HDL (high-density 
lipoprotein, the “good cholesterol”) cholesterol levels, measured 
in milligrams per deciliter (mg/dL). If total cholesterol is less 
than 200 mg/dL, then no action is taken. If a patient’s total 
cholesterol is approximately 300 mg/dL, a new drug, together 
with a strict diet, is prescribed to reduce this number to a safe 
level. The amount of time (in days) it takes to reduce total 
cholesterol to a safe level has an exponential distribution with 

1 /15λ = . A patient with total cholesterol of 300 mg/dL is 
randomly selected and placed on this drug-and-diet regimen.
 (a) Find the mean number of days until the total cholesterol 

level is safe (less than 200 mg/dL).
 (b) Find the probability that the total cholesterol level will be 

safe in a number of days within 2 standard deviations of 
the mean.

 (c) Find a value d such that 75% of all such patients have a 
safe cholesterol level within d days.

 (d) Suppose two patients are selected at random. Find the 
probability that this drug-and-diet regimen works for at 
least one of the patients within 10 days.

6.113 Marketing and Consumer Behavior A toy manufacturer  
routinely tests new toys in a controlled environment before 
deciding whether to actually market a toy. Research has shown 
that the amount of time (in minutes) a randomly selected child 
plays with a new toy has an exponential distribution with 0.05λ = . 
Suppose a new toy is presented for study.
 (a) What is the probability that a randomly selected child will 

play with the toy for at most 10 minutes?
 (b) What is the probability that a randomly selected child will 

play with the toy for between 5 and 20 minutes?
 (c) Suppose a child plays with the toy for at least 15 minutes. 

What is the probability that the child will play with the toy 
for another 20 minutes?

 (d) If four different children each play independently with a 
new toy for at least 25 minutes, then the toy is immediately 
brought to market. What is the probability of this 
happening for a newly designed toy?

6.114 Physical Sciences Four large water pumps supply 
Bellingham, Washington, with water. If water pump i, for 
i 1, 2, 3, 4= , breaks down, then the time to repair it has an 
exponential distribution with i1/ (2 )λ =  hours. Suppose the 
water pumps operate independently, and when breakdowns 
occur, the repair times are also independent.
 (a) Suppose water pump 1 breaks down. What is the 

probability that it will take more than 30 minutes to 
repair?

 (b) Answer part (a) for water pumps 2, 3, and 4.
 (c) Suppose all four water pumps break simultaneously. What 

is the probability that at least one of the four water pumps 
will not be repaired within one hour?

6.115 Public Health and Nutrition From the instant a fresh-
baked chocolate-chip cookie is taken out of the oven, the time 
(in minutes) the wonderful aroma lasts has an exponential 
distribution with 1 / 30λ = . Suppose a chocolate-chip cookie is 
done baking and is taken out of the oven.
 (a) Find the mean, variance, and standard deviation for the 

time the aroma lasts.
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   (b)   What is the probability that the aroma lasts for at least 
40 minutes?  

   (c)   What is the probability that the aroma lasts for between 
30 and 50 minutes?  

   (d)   Find a value   t    such that the probability that the aroma lasts 
for at most   t    minutes is 0.90.  

   (e)   Suppose a second batch of cookies is taken out of the oven 
10 minutes after the first. What is the probability that there 
will be no aroma from either batch 35 minutes after the 
first batch was done?     

   6.116      Psychology and Human Behavior    Sensory memory in 
humans is very short-term and lasts approximately 200–500 
milliseconds after an individual perceives an object.  31   Suppose 
the length of time (in milliseconds) an object remains 
in sensory memory for a randomly selected adult has an 
exponential distribution with   0.003λ =   . A flashing grid of 
letters is displayed to a randomly selected adult and the sensory 
memory is measured.
    (a)   What is the probability that the sensory memory will last 

for at most 200 milliseconds?  
   (b)   Find the median time that the sensory memory will last.  

   (c)   Find a time   t    such that only 5% of all adults’ sensory 
memory lasts at least   t    milliseconds.     

   6.117      Manufacturing and Product Development    The 
Aurora LED Smart Lighting System consists of nine interlocking 
panels and is sold with a generous 3-year free replacement 
warranty. The length of time, in years, until a randomly 
selected LED panel needs to be replaced can be modeled by an 
exponential random variable   X    with parameter   λ  .
    (a)   Find the smallest value of   λ   such that   XP(4 5) 0.03.≤ ≤ =     
   (b)   Find the probability that a randomly selected panel needs 

to be replaced within 3 years.  
   (c)   Assume the LED panels operate independently. Find the 

probability that at least one panel needs to be replaced 
within 3 years.       

   Challenge Problems  
    6.118      Memoryless Property    Suppose   X    is an exponential 
random variable with parameter   λ  . If   a   and   b   are constants 
(  0>   ), confirm the memoryless property by showing that 
  X a X a b X bP( ) P( | )≥ = ≥ + ≥   .      

 Concept  Page  Notation / Formula / Description 

 Probability distribution for a 
continuous random variable 

  248   A smooth curve (density curve) defined such that the probability   X    takes 
on a value between   a   and   b   is the area under the curve between   a   and   b  . 

 Uniform distribution   250   If   X    has a uniform distribution on the interval   [ , ]a b   , then

  f x b a
a x b

( )
1 if

0 otherwise
= −

≤ ≤









      a b b a
2

, ( )
12

2
2

µ σ=
+

=
−    

 Normal distribution   262   If   X    is a normal random variable with mean   µ   and variance   σ2  , then 
the probability density function is given by   ( ) 1

2
( )2 /(2 2)f x e x

σ π
= µ σ− −    

 Standard normal distribution   263   A normal distribution, with   0µ =    and   12σ =    is the standard normal 
distribution. The standard normal random variable is usually denoted 
by   Z   :   ∼N(0,1)Z   . 

 Standardization   267   If   X    is a normal random variable with mean   µ   and variance   σ2  , then 
  Z X µ

σ
=

−    is a standard normal random variable. 

 Normal probability plot   279   A scatter plot of each observation versus its corresponding expected 
value from a   Z    distribution. For a normal distribution, the points will 
fall close to a straight line. 

 Exponential distribution   287   If   X    is an exponential random variable with parameter   λ  , then the 
probability density function is given by

  f x
e xx

( )
if 0

0 otherwise
λ

=
≥







λ−

      1 , 12
2µ

λ
σ

λ
= =    

     Chapter      6     Summary  

Chapter 6 Summary  293
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   Applications  
6.119      Technology and Internet    In the Gensler Architectural 
firm, all of the computers are part of a local area network, 
connected to one main printer. When an architect prints a 
document, the job is placed in a queue. It may take several 
minutes before the document begins to print, due to the 
number of other print jobs and the complexity of the document. 
The time (in minutes) until the document starts to print has 
an exponential distribution with   0.40λ =   . Suppose a randomly 
selected document is sent to the main printer.
    (a)   What is the mean time until the document begins to print?  
   (b)   What is the probability that the document will begin to 

print within 30 seconds?  
   (c)   What is the probability that the document will need more 

than 5 minutes before starting to print?  
   (d)   Find a value   t    such that only 2% of all documents take at 

least   t    minutes before starting to print.     

6.120      Public Health and Nutrition    The amount of sodium 
in a randomly selected 8-oz serving of chicken noodle soup has 
a normal distribution, with mean   343µ =    mg and standard 
deviation   21σ =   .  32   Suppose an 8-oz serving is randomly selected.
    (a)   What is the probability that the amount of sodium is more 

than 325 mg?  
   (b)   What is the probability that the amount of sodium is 

between 330 and 360 mg?  
   (c)   Find a symmetric interval about the mean such that 90% of 

all 8-oz servings have amounts of sodium in that interval.  
   (d)   Suppose a randomly selected 8-oz serving has a sodium 

level of 390 mg. Is there any evidence to suggest the mean 
sodium level reported in the question description is false?     

6.121      Public Health and Nutrition    The Food and Drug 
Administration (FDA) reviews all advertisements for drugs 
to check for omissions regarding a drug’s risk; inadequate, 
incorrect, or inconsistent labeling; misleading claims; 
unsupported comparative claims; and unapproved purposes. 
Lengthy legal reviews of advertisements have increased the total 
review time. Suppose the length of time between a request for a 
review and final approval has a normal distribution, with mean 

21µ =    days and variance   4σ =    days. Consider a randomly 
selected advertisement submitted to the FDA for review.
    (a)   What is the probability that the advertisement will be 

reviewed in less than 14 days?  
   (b)   What is the probability that the advertisement will be 

reviewed in between 15 and 19 days?  
   (c)   Suppose the advertisement takes at least 20 days for 

review. What is the probability that it will take less than 
30 days for review?  

   (d)   Suppose two independent advertisements are submitted 
for review simultaneously. What is the probability that 
both will take more than 30 days for review?     

6.122      Marketing and Consumer Behavior    Canister 
vacuums are often rated according to their ease of use, noise 

level, emissions, cleaning ability, and length of the power cord. 
The length (in feet) of the electric cord on a canister vacuum is 
a random variable   X    with a uniform distribution on the interval 
[20, 30]  . Suppose a canister vacuum is selected at random.
    (a)   Carefully sketch a graph of the probability density function 

for the random variable   X   .  
   (b)   What is the probability that the power cord is shorter 

than 22 ft?  
   (c)   What is the probability that the power cord is longer than 

26 ft?  
   (d)   Find a value   f    such that 75% of all power cords are longer 

than   f    ft.     

6.123      Physical Sciences    A random sample of the weekly 
U.S. field production of crude oil, in thousands of barrels per 
day, is given on the website.  33   Is there any evidence to suggest 
that the data are from a non-normal population? Justify your 
answer.  

6.124      Business and Management    The manager for 
Marriott’s Crystal Shores claims that the time it takes to make 
a room reservation over the phone is approximately normally 
distributed, with mean 4 minutes and standard deviation 
45 seconds. Suppose a call placed to the inn to make a room 
reservation is selected at random.
    (a)   What is the probability that it will take less than 3 minutes 

to make the reservation?  
   (b)   What is the probability that it will take between 3 1/2 and 

4 1/2 minutes to make the reservation?  
   (c)   Find the first and the third quartile times.  
   (d)   Suppose it takes 7 minutes to make the reservation. Is 

there any evidence to suggest the manager’s claim 
(  4µ =    minutes) is false? Justify your answer.     

6.125      Fuel Consumption and Cars    The Tesla Model X is an 
electric car that can travel approximately 238–295 mi on a full 
charge.  34   Tesla dealers claim the time it takes to fully recharge 
depends on the percent depleted, but is approximately normal 
with mean 2.5 hours and standard deviation 0.75 hour (on a 
240-volt line). Suppose a random Tesla Model X is connected to 
a home recharging station.
    (a)   What is the probability that the amount of time to fully 

recharge is between 1 and 2 hours?  
   (b)   What is the probability that the amount of time to fully 

recharge is more than 4.5 hours?  
   (c)   If the amount of time to fully recharge is less than 

30 minutes, the car could still travel another 100 mi. 
What is the probability that the car could travel another 
100 mi?  

   (d)   Suppose three Tesla Model X cars are selected at random. 
What is the probability that all three will have a time to 
fully recharge greater than 3 hours?  

   (e)   Suppose it takes 3 1/2 hours for a random Tesla Model X 
to recharge. Is there any evidence to suggest that the claim 
is false? Justify your answer.     
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6.126      Manufacturing and Product Development    Oriental 
rugs are made from various wools and woven in several 
different countries. The pile height (in millimeters, mm) of an 
Oriental rug varies slightly and can be modeled by a uniform 
random variable on the interval   [6, 10]  .
    (a)   Carefully sketch a graph of the probability density 

function for pile height.  
   (b)   What is the probability that a randomly selected Oriental 

rug will have pile height less than 7 mm?  
   (c)   What is the probability that a randomly selected Oriental 

rug will have pile height between 8.5 and 9.5 mm?  
   (d)   Find a value   h   such that 90% of all Oriental rugs have pile 

height less than   h  .     

6.127      Technology and Internet    The life expectancy of a 
laser-printer toner cartridge varies considerably, according to the 
toner and drum type and how the cartridge is used. Printed pages 
containing lots of graphics require more toner, whereas pages with 
mostly text require considerably less toner. Page coverage is usually 
measured as a proportion (or percentage). For example, a typical 
text page has approximately 0.05 coverage. A random sample of 
printed pages from an office printer was obtained, and the page 
coverage was carefully measured. Is there any evidence to suggest 
the data are from a non-normal population?  

6.128      Sports and Leisure    Jockeys in the United States and 
England work very hard to keep their weight down. Many 
participate in weight-loss programs, carefully monitor their 
diet, and exercise regularly. The weight of a male jockey is 
approximately normal, with mean 52 kg and standard deviation 
1.2 kg. Suppose a male jockey is randomly selected.
    (a)   What is the probability that the jockey weighs more than 

53 kg?  
   (b)   What is the probability that the jockey weighs between 50 

and 54 kg?  
   (c)   Find a value   w    such that 80% of all male jockeys weigh 

more than   w   .  
   (d)   Suppose the jockey selected weighs 57 kg. Is there any 

evidence to suggest the claimed mean (52 kg) is wrong? 
Justify your answer.     

6.129      Public Health and Nutrition    The amount of caffeine 
in a cup of coffee varies considerably, even if it is brewed by the 
same person, using the same brewing method and ingredients. 
Suppose the amount of caffeine in an 8-oz cup of Dunkin’ coffee 
is approximately normally distributed, with mean 180 mg and 
standard deviation 15 mg.  35  
    (a)   What is the probability that a randomly selected cup of 

Dunkin’ coffee will have less than 170 mg of caffeine?  
   (b)   What is the probability that a randomly selected cup 

of Dunkin’ coffee will have between 160 and 190 mg of 
caffeine?  

   (c)   A recent article in a medical journal suggests that an 8-oz 
cup of coffee with more than 200 mg of caffeine could 
cause a person’s heart to race. What is the probability that 
a randomly selected cup will have more than 200 mg of 
caffeine?  

   (d)   Suppose a random cup of Dunkin’ coffee has 157 mg of 
caffeine. Is there any evidence to suggest the claimed mean 
(180 mg) is wrong? Justify your answer.     

6.130      Manufacturing and Product Development    The 
quality of a kitchen knife is often measured by the sharpness 
and total lifetime of the blade. One test for sharpness involves 
mounting the knife with the blade vertical and lowering a 
specially designed pack of paper onto the blade. The sharpness 
is measured by the depth of the cut. A greater depth indicates 
a sharper knife. Suppose the depth of the cut for a randomly 
selected knife has a normal distribution, with mean 92 mm and 
standard deviation 21 mm.
    (a)   What is the probability that a randomly selected kitchen 

knife has a sharpness measure less than 75 mm?  
   (b)   A kitchen knife with a sharpness measure of at least 100 

mm qualifies as a steak knife. What proportion of kitchen 
knives are steak knives?  

   (c)   The Kitchen Gadgets Association would like to set a 
maximum sharpness for butter knives. Find a value   c    such 
that 15% of all knives have sharpness less than   c   .  

   (d)   Suppose a randomly selected kitchen knife has sharpness 
greater than 90 mm. What is the probability that it has 
sharpness greater than 100 mm?     

6.131      Economics and Finance    Some of the variables that 
affect the monthly payment of a new-car loan are the total 
amount borrowed, the interest rate, and the length of the loan. 
In 2018, the mean length of a new-car loan was 68 months, with 
loans of 72 and 84 months becoming more common.  36   Suppose 
the length of a new-car loan is approximately normal, with 
standard deviation 9 months.
    (a)   What is the probability that a new-car loan is for at most 

60 months?  
   (b)   What is the probability that a new-car loan length is 

between 50 and 70 months?  
   (c)   Find a symmetric interval about the mean such that 95% 

of all new-car loan lengths fall in this interval.  
   (d)   Suppose the amount borrowed on a new-car loan is also 

approximately normal, with mean $20,000 and standard 
deviation $5000. If the length of the loan and the amount 
borrowed are independent, what is the probability that 
the loan will be for more than $27,000 and for less than 
72 months?     

   6.132      Fuel Consumption and Cars    Even though automobiles 
are becoming more fuel-efficient, the cost of gasoline is still 
taking a huge chunk of our personal income. According to 
GasBuddy, the mean amount spent on gasoline in 2018 was 
$1900. A random sample of U.S. households was obtained, and 
each was asked for the amount (in dollars) spent on gasoline 
during the last year. Is there any evidence to suggest that the 
data are from a non-normal distribution?  

6.133      Physical Sciences    Large reservoirs of oil found 
underground are under very high pressure, which allows the 
oil to be pumped to the surface. All oil fields contain some 
water, and as water is pumped back into a well to maintain high 
pressure, the water content increases. Suppose the proportion 
of water in a randomly selected barrel of oil pumped to the 
surface has a normal distribution, with mean 0.12 and standard 
deviation 0.025.
    (a)   What is the probability that a randomly selected barrel of 

oil has a proportion of water less than 0.12?  
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   (b)   What is the probability that a randomly selected barrel of 
oil has a proportion of water between 0.15 and 0.17?  

   (c)   The higher the proportion of water in oil, the more 
expensive it is to separate the oil from the water. If the 
proportion of water is greater than 0.20, then the well 
is too expensive to operate and maintain. What is the 
probability that a randomly selected well is too expensive?     

6.134      Travel and Transportation    The Washington, 
D.C., Metro has some long and deep escalators. The longest 
continuous escalator is at the Wheaton (Red Line) stop. It is 
230 ft long and approximately 140 ft deep.  37   For those who 
simply ride the escalator (without extra steps), it takes a little 
more than 2.5 minutes to complete the journey. However, 
because many people walk while on the escalator, the amount 
of time to travel the 230 ft is approximately normal, with mean 
1.9 minutes and standard deviation 0.3 minute. Suppose an 
escalator rider is selected at random.
    (a)   What is the probability that it takes less than 2 minutes to 

ride the escalator?  
   (b)   What is the probability that it takes between 1.5 and 

2.5 minutes to ride the escalator?  
   (c)   Suppose that five escalator riders are selected at random. 

What is the probability that three of the five take at least 
2 minutes, 20 seconds to ride the escalator?  

   (d)   The D.C. Metro Maintenance Crew claims to have 
increased the speed of the Wheaton escalator. Following 
this adjustment, the amount of time for a random escalator 
rider was 1.75 minutes. Is there any evidence to suggest 
that the mean time to ride the escalator has decreased? 
Justify your answer.       

   Extended Applications  
6.135      Travel and Transportation    The U.S. Customs and 
Border Protection Agency maintains a table of the estimated 
wait times for reaching the primary inspection booth when 
crossing the Mexican/U.S. border. The processing goal for 
passenger vehicles is 15 minutes.  38   Suppose the time to cross the 
border at El Paso, Texas, is a random variable   X    with probability 
density function given by

f x
x x

( )
0.02 if 0 10

0 otherwise
=

≤ ≤






    (a)   Carefully sketch a graph of the probability density function.  
   (b)   Find the probability that it takes less than 5 minutes for a 

randomly selected passenger vehicle to cross the border at 
El Paso.  

   (c)   Find the probability that it takes more than 8 minutes for a 
randomly selected passenger vehicle to cross the border at 
El Paso.  

   (d)   Find the probability that it takes between 2 and 6 minutes 
for a randomly selected passenger vehicle to cross the 
border at El Paso.  

   (e)   Suppose it takes less than 2 minutes for a randomly 
selected passenger vehicle to cross the border at El Paso. 
What is the probability that it takes less than 1 minute?    

6.136      Public Health and Nutrition    Meat or poultry classified 
as lean has less than 4 g of saturated fat. Suppose the amount 
of saturated fat in a randomly selected piece of lean meat 
or poultry is a random variable   X    with probability density 
function given by

f x

x
x
x
x

( )

0.1 if 0 1
0.2 if 1 2
0.3 if 2 3
0.4 if 3 4
0 otherwise

=

≤ <

≤ <

≤ <

≤ <











    (a)   Carefully sketch a graph of the probability density function.  
   (b)   What is the probability that a randomly selected piece of 

lean meat or poultry has less than 1.5 g of saturated fat?  
   (c)   What is the probability that a randomly selected piece of 

lean meat or poultry has more than 3 g of saturated fat?  
   (d)   What is the probability that a randomly selected piece of 

lean meat or poultry has between 2 and 4 g of saturated 
fat?  

   (e)   Suppose a randomly selected piece of lean meat or poultry 
has at most 3 g of saturated fat. What is the probability that 
it has at most 1 g of saturated fat?    

6.137      Manufacturing and Product Development    Four 
people working independently on an assembly line all perform 
the same task. The time (in minutes) to complete this task for 
person   i  , for   i 1, 2, 3, 4=   , has a uniform distribution on the 
interval   [0, ]i   . Suppose each person begins the task at the same 
time.
    (a)   What is the probability that person 2 takes less than 

90 seconds to complete the task?  
   (b)   What is the mean completion time for each person?  
   (c)   What is the probability that all four people complete the 

task in less than 30 seconds?  
   (d)   What is the probability that exactly one person completes 

the task in less than 1 minute?     

6.138      Probability Calculations Using a Density 
Function    The probability density function for a random 
variable   X    is given by

f x

x x

x x( )

1
4

1
2

if 0 < 2

1
4

1 if 2 < 4

0 otherwise

=

− + ≤

− + ≤










    (a)   Carefully sketch a graph of the probability density function.  
   (b)   Find   XP( 1)<   .  
   (c)   Find   XP( 3)≥   .  
   (d)   Find   XP(1 3)< <   .    

6.139      Greek Yogurt    Chobani yogurt is made using a special 
straining technique to remove excess liquid. This process yields 
a thicker, creamier yogurt with more protein per serving than 
a regular yogurt.  39   Suppose the amount of protein in a 5.3-oz 

08_KokoskaIntroStat3e_04962_ch06_247_298.indd   296 28/09/19   2:47 PM
Copyright ©2020 W.H. Freeman Publishers. Distributed by W.H. Freeman Publishers. Not for redistribution. 



Chapter 6 Exercises  297

serving of Chobani Flip salted caramel crunch is normally 
distributed, with mean 12 g and standard deviation 0.7 g. A 
5.3-oz serving is selected at random from the assembly line.
    (a)   What is the probability that there is more than 13.5 g of 

protein in the cup of yogurt?  
   (b)   If the amount of protein in a cup of yogurt is between 

11 and 13 g, the manufacturing process is considered to 
be in control. What is the probability that the process is 
considered in control? Out of control?  

   (c)   Suppose the cup of yogurt has less than 12.5 g of protein. 
What is the probability that it has more than 11.5 g?  

   (d)   Suppose that six cups of yogurt are selected at random. 
What is the probability that at least three cups have at least 
11.5 g of protein?     

6.140      Sports and Leisure    During a Major League Baseball 
(MLB) game, there is a lot of time spent between batters, 
between innings, and between pitches. Consequently, the mean 
 action time  in a MLB game is only 18 minutes.  40   Suppose MLB 
action time can be modeled by a normal distribution, with 
standard deviation 1.2 minutes.
    (a)   Find the probability that a randomly selected MLB game 

has at most 17 minutes of action time.  
   (b)   Find the probability that a randomly selected MLB game 

has between 16 and 19 minutes of action time.  
   (c)   Suppose the mean action time   µ    for a MLB game is 

unknown, and the probability of five MLB games with 

6.141      EMV Chip Technology    According to 
Bluefin, a payment security firm, the mean 
processing time for an EMV chip card is 

13 seconds, approximately double the time needed for a swipe 
card. Suppose the standard deviation is 2.5 seconds and 
the distribution of EMV chip card processing times is 
approximately normal.

    (a)   Find the probability that a randomly selected EMV chip 
card processing time is less than 10 seconds.  

   (b)   Suppose an EMV chip card transaction is selected at 
random and the processing time is 20 seconds. Is there 
any evidence to suggest that the mean processing time is 
greater than 13 seconds?  

   (c)   A random sample of 20 EMV chip card processing times 
was obtained. Is there any evidence to suggest that this 
distribution is not normally distributed?  

   (d)   The number   c   is the customer irritation index and is 
defined to be a value such that 1% of all EMV chip 
processing times take longer than   c    seconds. Find the 
value of   c   .                   

 CHIP
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action time less than 20 minutes is 0.5722. Find the 
value of   µ   .       

simpson33/Deposit Photos

08_KokoskaIntroStat3e_04962_ch06_247_298.indd   297 28/09/19   2:47 PM
Copyright ©2020 W.H. Freeman Publishers. Distributed by W.H. Freeman Publishers. Not for redistribution. 



08_KokoskaIntroStat3e_04962_ch06_247_298.indd   298 28/09/19   2:47 PM
Copyright ©2020 W.H. Freeman Publishers. Distributed by W.H. Freeman Publishers. Not for redistribution. 




